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t❤❛t ❝♦✉❧❞ ♦♥❧② ❜❡ t❡st❡❞ ✉s✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ st❛t✐st✐❝❛❧ t❡❝❤♥✐q✉❡s✳ ❚❤❡ ❢♦✉♥❞✐♥❣
❢❛t❤❡rs ♦❢ ❡✈♦❧✉t✐♦♥❛r② ❣❡♥❡t✐❝s ✭❋✐s❤❡r✱ ❍❛❧❞❛♥❡ ❛♥❞ ❲r✐❣❤t✮ ✉s❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s
t♦ ❣❡♥❡r❛t❡ ❛ s②♥t❤❡s✐s ❜❡t✇❡❡♥ ▼❡♥❞❡❧✐❛♥ ❣❡♥❡t✐❝s ❛♥❞ ❉❛r✇✐♥✐❛♥ ❡✈♦❧✉t✐♦♥ t❤❛t ♣❛✈❡❞
t❤❡ ✇❛② t♦✇❛r❞ ❝♦♥t❡♠♣♦r❛r② ♠♦❞❡❧s ♦❢ ❛❞❛♣t✐✈❡ ❡✈♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢
❛ ❣❡♥❡r❛❧ ❛♥❞ ❝♦❤❡r❡♥t ❢r❛♠❡✇♦r❦ ❢♦r ❛❞❛♣t✐✈❡ ❡✈♦❧✉t✐♦♥ ♠♦❞❡❧❧✐♥❣✱ ❜✉✐❧t ❢r♦♠ t❤❡ ❜❛s✐❝
st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❛❝t✐♥❣ ❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧✱ ✐s ❢❛r ❢r♦♠ ❝♦♠♣❧❡t❡ ✭P❛❣❡ ❛♥❞ ◆♦✇❛❦✱
✷✵✵✷✮✳ ▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ♦❢ ❛❞❛♣t✐✈❡ ❡✈♦❧✉t✐♦♥ ❛r❡ ❡ss❡♥t✐❛❧❧② ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧✱ r❛t❤❡r
t❤❛♥ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❵✜rst ♣r✐♥❝✐♣❧❡s✬ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❜✐rt❤✱ ♠✉t❛t✐♦♥✱ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❞❡❛t❤✳
❍❡r❡ ✇❡ r❡♣♦rt t❤❡ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ♦❢ ❡✈♦❧✉t✐♦♥✲
❛r② ❞②♥❛♠✐❝s s❝❛❧✐♥❣ ✉♣ ❢r♦♠ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❞❡♠♦❣r❛♣❤✐❝ ❛♥❞ ❡❝♦❧♦❣✐❝❛❧
st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❛❝t✐♥❣ ❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧✳ ❖✉r ❛♥❛❧②s✐s ❡♠♣❤❛s✐③❡s t❤❛t ❞✐✛❡r❡♥t
♠♦❞❡❧s ♦❜t❛✐♥ ❞❡♣❡♥❞✐♥❣ ♦♥ ❤♦✇ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❝❡ss❡s ❛r❡ r❡♥♦r♠❛❧✐③❡❞✱ ❛♥❞ ♣r♦✈✐❞❡s ❛
✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦ ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ ❤♦✇ t❤❡s❡ ❞✐✛❡r❡♥t ♠♦❞❡❧s r❡❧❛t❡ t♦ ❡❛❝❤ ♦t❤❡r✳
❊❛r❧② ♠♦❞❡❧s ♦❢ ❛❞❛♣t✐✈❡ ❡✈♦❧✉t✐♦♥ ♣✐❝t✉r❡❞ t❤❡ ♠✉t❛t✐♦♥✲s❡❧❡❝t✐♦♥ ♣r♦❝❡ss ❛s ❛ st❡❛❞②
❛s❝❡♥t ♦♥ ❛ s♦✲❝❛❧❧❡❞ ❵❛❞❛♣t✐✈❡ ❧❛♥❞s❝❛♣❡✬✱ t❤❡r❡❜② s✉❣❣❡st✐♥❣ s♦♠❡ s♦❧✐❞ ❣r♦✉♥❞ ♦✈❡r ✇❤✐❝❤
t❤❡ ♣♦♣✉❧❛t✐♦♥ ✇♦✉❧❞ ♠♦✈❡✱ ✉♥❞❡r t❤❡ ♣r❡ss✉r❡ ♦❢ ❡♥✈✐r♦♥♠❡♥t❛❧ ❢❛❝t♦rs ✭❲r✐❣❤t✱ ✶✾✻✾✮✳
❚❤❡ ♥❡①t t❤❡♦r❡t✐❝❛❧ st❡♣ ✇❛s t♦ r❡❝♦❣♥✐③❡ t❤❛t t❤❡ ❛❞❛♣t✐✈❡ ❧❛♥❞s❝❛♣❡ ♠❡t❛♣❤♦r ♠✐ss❡s
♦♥❡✲❤❛❧❢ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥❛r② ♣r♦❝❡ss✿ ❛❧t❤♦✉❣❤ t❤❡ ❡♥✈✐r♦♥♠❡♥t s❡❧❡❝ts t❤❡ ❛❞❛♣t❛t✐♦♥s✱
t❤❡s❡ ❛❞❛♣t❛t✐♦♥s ❝❛♥ s❤❛♣❡ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭❍❛❧❞❛♥❡✱ ✶✾✸✷❀ P✐♠❡♥t❡❧✱ ✶✾✻✽❀ ❙t❡♥s❡t❤✱
✶✾✽✻❀ ▼❡t③ ❡t ❛❧✳✱ ✶✾✾✷✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ♥♦ s✉❝❤ t❤✐♥❣ ❛s ❛ ♣r❡✲❞❡✜♥❡❞ ❛❞❛♣t✐✈❡
❧❛♥❞s❝❛♣❡❀ ✐♥ ❢❛❝t✱ t❤❡ ✜t♥❡ss ♦❢ ❛ ♣❤❡♥♦t②♣❡ ❞❡♣❡♥❞s ✉♣♦♥ t❤❡ ♣❤❡♥♦t②♣✐❝ ❝♦♠♣♦s✐t✐♦♥ ♦❢
t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ❛♥❞ s❡❧❡❝t✐♦♥ ❣❡♥❡r❛❧❧② ✐s ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t ✭▼❡t③ ❡t ❛❧✳✱ ✶✾✾✷❀ ❍❡✐♥♦
❡t ❛❧✳✱ ✶✾✾✽✮✳ ❚❤r♦✉❣❤♦✉t t❤❡ ❧❛st ✺✵ ②❡❛rs t❤✐s ✈✐❡✇♣♦✐♥t s♣r❡❛❞ ❛♥❞ ❛✛❡❝t❡❞ ♥♦t ♦♥❧②
t❤❡ ✐♥t✉✐t✐♦♥ ♦❢ ❡✈♦❧✉t✐♦♥❛r② ❜✐♦❧♦❣✐sts✱ ❜✉t ❛❧s♦ t❤❡✐r ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s ✭◆♦✇❛❦ ❛♥❞
❙✐❣♠✉♥❞✱ ✷✵✵✹✮✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ❛❞❛♣t✐✈❡ ❧❛♥❞s❝❛♣❡ ❛❝❝r♦ss ♠❛t❤❡♠❛t✐❝❛❧ ❡✈♦❧✉t✐♦♥❛r②
t❤❡♦r✐❡s ✐s r❡✈✐❡✇❡❞ ✐♥ ❑✐r❦♣❛tr✐❝❦ ❛♥❞ ❘♦✉ss❡t ✭✷✵✵✺✮✳
●❛♠❡ t❤❡♦r② ✇❛s ✐♠♣♦rt❡❞ ❢r♦♠ ❡❝♦♥♦♠✐❝s ✐♥t♦ ❡✈♦❧✉t✐♦♥❛r② t❤❡♦r②✱ ✐♥ ✇❤✐❝❤ ✐t ❜❡✲
❝❛♠❡ ❛ ♣♦♣✉❧❛r ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t ♠♦❞❡❧s ♦❢ ♥❛t✉r❛❧
s❡❧❡❝t✐♦♥ ✭❍❛♠✐❧t♦♥✱ ✶✾✻✼❀ ▼❛②♥❛r❞ ❙♠✐t❤ ❛♥❞ Pr✐❝❡✱ ✶✾✼✸❀ ▼❛②♥❛r❞ ❙♠✐t❤✱ ✶✾✽✷❀ ❍♦❢✲
❜❛✉❡r ❛♥❞ ❙✐❣♠✉♥❞✱ ✶✾✾✽✱ ✷✵✵✸❀ ◆♦✇❛❦ ❛♥❞ ❙✐❣♠✉♥❞✱ ✷✵✵✹✮✳ ❲✐t❤ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s
♠♦❞❡❧❧✐♥❣✱ ❡✈♦❧✉t✐♦♥❛r② ❣❛♠❡ t❤❡♦r② ✇❛s ❡①t❡♥❞❡❞ t♦ ❤❛♥❞❧❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❡❝♦❧♦❣✐❝❛❧
✷
s②st❡♠s ❢r♦♠ ✇❤✐❝❤ s❡❧❡❝t✐✈❡ ♣r❡ss✉r❡s ❡♠❛♥❛t❡✳ ❍♦✇❡✈❡r✱ t❤❡ r❛r❡ ♠✉t❛t✐♦♥ ❛♥❞ ❧❛r❣❡
♣♦♣✉❧❛t✐♦♥ s❝❡♥❛r✐♦ ❛ss✉♠❡❞ ❜② ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ♠♦❞❡❧❧✐♥❣ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦♠♣❧❡①✐t②
♦❢ st♦❝❤❛st✐❝ ✐♥❞✐✈✐❞✉❛❧ ❧✐❢❡✲❤✐st♦r② ❡✈❡♥ts ✐s s✉❜s✉♠❡❞ ✐♥t♦ ❞❡t❡r♠✐♥✐st✐❝ st❡♣s ♦❢ ♠✉t❛♥t
✐♥✈❛s✐♦♥✲✜①❛t✐♦♥✱ t❛❦✐♥❣ ♣❧❛❝❡ ✐♥ ✈❛♥✐s❤✐♥❣❧② s♠❛❧❧ t✐♠❡ ❜② t❤❡ ✇❤♦❧❡ ♣♦♣✉❧❛t✐♦♥ ❛s ❛ s✐♥✲
❣❧❡✱ ♠♦♥♦♠♦r♣❤✐❝ ❡♥t✐t② ✭▼❡t③ ❡t ❛❧✳✱ ✶✾✾✻❀ ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇✱ ✶✾✾✻✮✳ ❚❤✉s✱ ❛❞❛♣t✐✈❡
❞②♥❛♠✐❝s ♠♦❞❡❧s ♠❛❦❡ ❛♣♣r♦①✐♠❛t✐♦♥s t❤❛t ❜②♣❛ss r❛t❤❡r t❤❛♥ ❡♥❝♦♠♣❛ss t❤❡ ✐♥❞✐✈✐❞✉❛❧
❧❡✈❡❧ ✭◆♦✇❛❦ ❛♥❞ ❙✐❣♠✉♥❞✱ ✷✵✵✹✮✳
❆♥ ❛❧t❡r♥❛t❡ ♣❛t❤✇❛② ❤❛s ❜❡❡♥ ❢♦❧❧♦✇❡❞ ❜② ♣♦♣✉❧❛t✐♦♥ ❛♥❞ q✉❛♥t✐t❛t✐✈❡ ❣❡♥❡t✐❝s✱ ❞♦✲
♠❛✐♥s ✐♥ ✇❤✐❝❤ t❤❡ ❡♠♣❤❛s✐s ✇❛s ❡❛r❧② ♦♥ s❡t ♦♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❢♦r❝❡s t❤❛t ♠❛✐♥t❛✐♥
❣❡♥❡t✐❝ ✈❛r✐❛t✐♦♥ ✭❇ür❣❡r✱ ✷✵✵✵✮✳ ❚❤❡ ❵❝♦♥t✐♥✉✉♠✲♦❢✲❛❧❧❡❧❡s✬ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ❜② ❈r♦✇
❛♥❞ ❑✐♠✉r❛ ✭✶✾✻✹✮ ❞♦❡s ♥♦t ✐♠♣♦s❡ ❛ r❛r❡ ♠✉t❛t✐♦♥ s❝❡♥❛r✐♦✱ ❜✉t ♦t❤❡r✇✐s❡ s❤❛r❡s t❤❡
s❛♠❡ ❜❛s✐❝ ❛ss✉♠♣t✐♦♥s ❛s ✐♥ ❡✈♦❧✉t✐♦♥❛r② ❣❛♠❡ t❤❡♦r② ❛♥❞ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ♠♦❞❡❧s✿
t❤❡ ❣❡♥❡t✐❝ s②st❡♠ ✐♥✈♦❧✈❡s ♦♥❡✲❧♦❝✉s ❤❛♣❧♦✐❞ ❛s❡①✉❛❧ ✐♥❞✐✈✐❞✉❛❧s✱ ❛♥❞ t❤❡ ❡✛❡❝t ♦❢ ♠✉t❛♥t
❛❧❧❡❧❡s ❛r❡ r❛♥❞♦♠❧② ❝❤♦s❡♥ ❢r♦♠ ❛ ❝♦♥t✐♥✉♦✉s ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ st✉❞② ♦❢
t❤❡ ❝♦♥t✐♥✉✉♠✲♦❢✲❛❧❧❡❧❡s ♠♦❞❡❧ ❤❛s ❜❡❣✉♥ ♦♥❧② r❡❧❛t✐✈❡❧② r❡❝❡♥t❧② ✭s❡❡ ❇ür❣❡r✱ ✶✾✾✽✱ ✷✵✵✵
❛♥❞ ❲❛①♠❛♥✱ ✷✵✵✸ ❢♦r r❡✈✐❡✇s✮ ✐♥ ❛ ❢r❡q✉❡♥❝②✲✐♥❞❡♣❡♥❞❡♥t s❡❧❡❝t✐♦♥ ❢r❛♠❡✇♦r❦✳ ❚❤❡
♠✉t❛t✐♦♥✲s❡❧❡❝t✐♦♥ ❞②♥❛♠✐❝s ♦❢ q✉❛♥t✐t❛t✐✈❡ tr❛✐ts ✉♥❞❡r ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t s❡❧❡❝t✐♦♥ ❤❛s
❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ t❤♦r♦✉❣❤❧② ❜② ❇ür❣❡r ✭✷✵✵✺✮ ❛♥❞ ❇ür❣❡r ❛♥❞ ●✐♠❡❧❢❛r❞ ✭✷✵✵✹✮ ✐♥ t❤❡
✇❛❦❡ ♦❢ ❇✉❧♠❡r✬s ✭✶✾✼✹✮✱ ❙❧❛t❦✐♥✬s ✭✶✾✼✾✮✱ ◆❛❣②❧❛❦✐✬s ✭✶✾✼✾✮✱ ❈❤r✐st✐❛♥s❡♥ ❛♥❞ ▲♦❡s❝❤❝❦❡
✭✶✾✽✵✮ ❛♥❞ ❆s♠✉ss❡♥✬s ✭✶✾✽✸✮ s❡♠✐♥❛❧ st✉❞✐❡s✳ ❆❢t❡r ▼❛t❡ss✐ ❛♥❞ ❉✐ P❛sq✉❛❧❡ ✭✶✾✾✻✮✱
❛♠♦♥❣ ♦t❤❡rs✱ ❤❛❞ ❡♠♣❤❛s✐③❡❞ ♠✉❧t✐❧♦❝✉s ❣❡♥❡t✐❝s ❛s ❝❛✉s✐♥❣ ❧♦♥❣✲t❡r♠ ❡✈♦❧✉t✐♦♥ t♦ ❞❡✲
♣❛rt ❢r♦♠ t❤❡ ❲r✐❣❤t✐❛♥ ♠♦❞❡❧✱ ❇ür❣❡r✬s ✭✷✵✵✺✮ ❛♣♣r♦❛❝❤ ❤❛s t❛❦❡♥ ❛ ♠❛❥♦r st❡♣ ❢♦r✇❛r❞
✐♥ ❢✉rt❤❡r t②✐♥❣ ✉♣ ❞❡t❛✐❧s ♦❢ t❤❡ ❣❡♥❡t✐❝ s②st❡♠ ✇✐t❤ ♣♦♣✉❧❛t✐♦♥ ❞❡♠♦❣r❛♣❤②✳
❘❡❝❡♥t ❛❞✈❛♥❝❡s ✐♥ ♣r♦❜❛❜✐❧✐t② t❤❡♦r② ✭✜rst ❛♣♣❧✐❡❞ ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❜✐♦❧♦❣✐❝❛❧ ❝♦♥✲
t❡①t ❜② ❋♦✉r♥✐❡r ❛♥❞ ▼é❧é❛r❞✱ ✷✵✵✹ ❛♥❞ ❈❤❛♠♣❛❣♥❛t✱ ✷✵✵✹❜✮ ♠❛❦❡ t❤❡ t✐♠❡ r✐♣❡ ❢♦r
❛tt❡♠♣t✐♥❣ s②st❡♠❛t✐❝ ❞❡r✐✈❛t✐♦♥ ♦❢ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ♦❢ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❢r♦♠
✐♥❞✐✈✐❞✉❛❧✲❜❛s❡❞ ♣r♦❝❡ss❡s✳ ❇② s❝❛❧✐♥❣ ✉♣ ❢r♦♠ t❤❡ ❧❡✈❡❧ ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ st♦❝❤❛st✐❝ ♣r♦✲
❝❡ss❡s ❛❝t✐♥❣ ✉♣♦♥ t❤❡♠ t♦ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ♦❢ ♣♦♣✉❧❛t✐♦♥ ❡✈♦❧✉t✐♦♥✱ ✇❡ ❛✐♠
❛t s❡tt✐♥❣ ✉♣ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ♥❡❡❞❡❞ ❢♦r ❜r✐❞❣✐♥❣ ❜❡❤❛✈✐♦r❛❧✱ ❡❝♦❧♦❣✐❝❛❧ ❛♥❞
❡✈♦❧✉t✐♦♥❛r② ♣r♦❝❡ss❡s ✭❏❛♥s❡♥ ❛♥❞ ▼✉❧❞❡r✱ ✶✾✾✾❀ ❆❜r❛♠s✱ ✷✵✵✶❀ ❋❡rr✐èr❡ ❡t ❛❧✳✱ ✷✵✵✹❀
❉✐❡❝❦♠❛♥♥ ❛♥❞ ❋❡rr✐èr❡✱ ✷✵✵✹❀ ❍❛✐rst♦♥ ❡t ❛❧✳✱ ✷✵✵✺✮✳ ❖✉r ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ✐s ❛ st♦❝❤❛st✐❝
♣r♦❝❡ss ❞❡s❝r✐❜✐♥❣ ❛ ✜♥✐t❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❞✐s❝r❡t❡ ✐♥t❡r❛❝t✐♥❣ ✐♥❞✐✈✐❞✉❛❧s ❝❤❛r❛❝t❡r✐③❡❞ ❜②
♦♥❡ ♦r s❡✈❡r❛❧ ❛❞❛♣t✐✈❡ ♣❤❡♥♦t②♣✐❝ tr❛✐ts✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ s✐♠♣❧❡st ❝❛s❡ ♦❢ ❛s❡①✉❛❧ r❡✲
♣r♦❞✉❝t✐♦♥ ❛♥❞ ❤❛♣❧♦✐❞ ❣❡♥❡t✐❝s✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤✐s ♣r♦❝❡ss ❝❛♣t✉r❡s t❤❡
♣r♦❜❛❜✐❧✐st✐❝ ❞②♥❛♠✐❝s✱ ♦✈❡r ❝♦♥t✐♥✉♦✉s t✐♠❡✱ ♦❢ ❜✐rt❤✱ ♠✉t❛t✐♦♥ ❛♥❞ ❞❡❛t❤✱ ❛s ✐♥✢✉❡♥❝❡❞
❜② t❤❡ tr❛✐t ✈❛❧✉❡s ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❛♥❞ ❡❝♦❧♦❣✐❝❛❧ ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣ ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤❡
r✐❣♦r♦✉s ❛❧❣♦r✐t❤♠✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♣r♦❝❡ss ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❚❤✐s
❛❧❣♦r✐t❤♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ♥✉♠❡r✐❝❛❧❧② ❛♥❞ s✐♠✉❧❛t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞❀ t❤❡② ✉♥✈❡✐❧ q✉❛❧✐t❛✲
t✐✈❡❧② ❞✐✛❡r❡♥t ❡✈♦❧✉t✐♦♥❛r② ❜❡❤❛✈✐♦rs ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✈❛r②✐♥❣ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡
♦❢ ♣♦♣✉❧❛t✐♦♥ s✐③❡✱ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❛♥❞ ♠✉t❛t✐♦♥ st❡♣ s✐③❡✳ ❚❤❡s❡ ♣❤❡♥♦♠❡♥❛ ❛r❡
✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✱ ❜② s②st❡♠❛t✐❝❛❧❧② ❞❡r✐✈✐♥❣ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ❢r♦♠ t❤❡
✐♥❞✐✈✐❞✉❛❧✲❜❛s❡❞ ♣r♦❝❡ss✳ ❖✉r ✜rst ❛♣♣r♦❛❝❤ ✭❙❡❝t✐♦♥ ✸✮ ❛✐♠s ❛t ❞❡r✐✈✐♥❣ ❞❡t❡r♠✐♥✐st✐❝
❡q✉❛t✐♦♥s t♦ ❞❡s❝r✐❜❡ t❤❡ ♠♦♠❡♥ts ♦❢ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♣♦✐♥t ♣r♦❝❡ss✱ ✐✳❡✳ t❤❡ st❛t✐st✐❝s
♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss✳ ❚❤❡ ♠♦❞❡❧ t❛❦❡s t❤❡ ❢♦r♠
♦❢ ❛ ❤✐❡r❛r❝❤✐❝❛❧ s②st❡♠ ♦❢ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ❡♠❜❡❞❞❡❞ ✐♥t♦ ❡❛❝❤ ♦t❤❡r❀ t❤❡ ❝♦♠♣❡t✐t✐♦♥
❦❡r♥❡❧s t❤❛t ❝❛♣t✉r❡ ✐♥❞✐✈✐❞✉❛❧ ✐♥t❡r❛❝t✐♦♥s ♠❛❦❡ ✐t ✐♠♣♦ss✐❜❧❡✱ ❡✈❡♥ ✐♥ t❤❡ s✐♠♣❧❡ ♠❡❛♥✲
✸
✜❡❧❞ ❝❛s❡ ♦❢ r❛♥❞♦♠ ❛♥❞ ✉♥✐❢♦r♠ ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣ ♣❤❡♥♦t②♣❡s✱ t♦ ✜♥❞ s✐♠♣❧❡ ♠♦♠❡♥t
❝❧♦s✉r❡s t❤❛t ✇♦✉❧❞ ❞❡❝♦rr❡❧❛t❡ t❤❡ s②st❡♠✳
❚❤❡ ❛❧t❡r♥❛t❡ ❛♣♣r♦❛❝❤ ✐♥✈♦❧✈❡s r❡♥♦r♠❛❧✐③✐♥❣ t❤❡ ✐♥❞✐✈✐❞✉❛❧✲❧❡✈❡❧ ♣r♦❝❡ss ❜② ♠❡❛♥s
♦❢ ❛ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ❧✐♠✐t✳ ❆♣♣❧✐❡❞ ❜② ✐ts❡❧❢✱ t❤❡ ❧✐♠✐t ②✐❡❧❞s ❛ ❞❡t❡r♠✐♥✐st✐❝✱ ♥♦♥❧✐♥✲
❡❛r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❙❡❝t✐♦♥ ✹✳✶✮✳ ❋♦r ❞✐✛❡r❡♥t s❝❛❧✐♥❣s ♦❢ ❜✐rt❤✱ ❞❡❛t❤ ❛♥❞
♠✉t❛t✐♦♥ r❛t❡s✱ ✇❡ ♦❜t❛✐♥ q✉❛❧✐t❛t✐✈❡❧② ❞✐✛❡r❡♥t ❧✐♠✐t✐♥❣ P❉❊s✱ ✐♥ ✇❤✐❝❤ s♦♠❡ ❢♦r♠ ♦❢
❞❡♠♦❣r❛♣❤✐❝ r❛♥❞♦♠♥❡ss ♠❛② ♦r ♠❛② ♥♦t ❜❡ r❡t❛✐♥❡❞ ❛s ❛ st♦❝❤❛st✐❝ t❡r♠ ✭❙❡❝t✐♦♥ ✹✮✳
▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❤❡♥ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ✭❤❡♥❝❡ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥
♦❢ ♠✉t❛t✐♦♥✮ ❛♥❞ ❞❡❛t❤ ❛♥❞ ❛♥ ❛s②♠♣t♦t✐❝ ♦❢ s♠❛❧❧ ♠✉t❛t✐♦♥ st❡♣s✱ t❤❡ ❧❛r❣❡ ♣♦♣✉❧❛✲
t✐♦♥ ❧✐♠✐t ②✐❡❧❞s ❡✐t❤❡r ❛ ❞❡t❡r♠✐♥✐st✐❝ ♥♦♥❧✐♥❡❛r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧✱ ♦r ❛ st♦❝❤❛st✐❝
♠❡❛s✉r❡✲✈❛❧✉❡❞ ♣r♦❝❡ss✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ r❛t❡ ♦❢ t❤❡ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦✲
❝❡ss ✭❙❡❝t✐♦♥ ✹✳✷✳✶✮✳ ❲❤❡♥ t❤✐s ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ r❛r❡
♠✉t❛t✐♦♥ ❧✐♠✐t✱ t❤❡ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ②✐❡❧❞s ❛ ♥♦♥❧✐♥❡❛r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥✱ ❡✐t❤❡r ❞❡t❡r♠✐♥✐st✐❝ ♦r st♦❝❤❛st✐❝✱ ❞❡♣❡♥❞✐♥❣ ❛❣❛✐♥ ✉♣♦♥ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ r❛t❡ ♦❢
t❤❡ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss ✭❙❡❝t✐♦♥ ✹✳✷✳✷✮✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❛♥❝❡str❛❧
♣♦♣✉❧❛t✐♦♥ ✐s ♠♦♥♦♠♦r♣❤✐❝ ❛♥❞ t❤❛t t❤❡ t✐♠❡s❝❛❧❡ ♦❢ ❡❝♦❧♦❣✐❝❛❧ ✐♥t❡r❛❝t✐♦♥s ❛♥❞ ❡✈♦❧✉t✐♦♥✲
❛r② ❝❤❛♥❣❡ ❛r❡ s❡♣❛r❛t❡❞✿ t❤❡ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss ✐s ❢❛st ✇❤✐❧❡ ♠✉t❛t✐♦♥s ❛r❡ r❛r❡✳ ■♥
❛ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ❧✐♠✐t✱ t❤❡ ♣r♦❝❡ss ❝♦♥✈❡r❣❡s ♦♥ t❤❡ ♠✉t❛t✐♦♥ t✐♠❡s❝❛❧❡ t♦ ❛ ❥✉♠♣ ♣r♦✲
❝❡ss ♦✈❡r t❤❡ tr❛✐t s♣❛❝❡✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡ ♦❢ ❛❞❛♣t✐✈❡
❞②♥❛♠✐❝s ♠♦❞❡❧❧✐♥❣ ✭❙❡❝t✐♦♥ ✺✳✶✮✳ ❇② r❡s❝❛❧✐♥❣ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ✭♠❛❦✐♥❣ ✐t ✐♥✜♥✐t❡s✐♠❛❧✮
✇❡ ✜♥❛❧❧② r❡❝♦✈❡r ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❝❡ss ❞r✐✈❡♥ ❜② t❤❡ s♦✲❝❛❧❧❡❞ ✏❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥ ♦❢
❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s✑ ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇ ✭✶✾✾✻✮ ✭❙❡❝t✐♦♥ ✺✳✷✮✳
❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r E(·) ❞❡♥♦t❡s ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳
✷ P♦♣✉❧❛t✐♦♥ ♣♦✐♥t ♣r♦❝❡ss
❖✉r ♠♦❞❡❧✬s ❝♦♥str✉❝t✐♦♥ st❛rts ✇✐t❤ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ♣♦♣✉❧❛t✐♦♥ ✐♥ ✇❤✐❝❤
t❤❡ ❛❞❛♣t✐✈❡ tr❛✐ts ♦❢ ✐♥❞✐✈✐❞✉❛❧s ✐♥✢✉❡♥❝❡ t❤❡✐r ❜✐rt❤ r❛t❡✱ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❝❡ss✱ t❤❡✐r
❞❡❛t❤ r❛t❡✱ ❛♥❞ ❤♦✇ t❤❡② ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❛♥❞ t❤❡✐r ❡①t❡r♥❛❧ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤✉s✱
♠❛t❤❡♠❛t✐❝❛❧❧②✱ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ st♦❝❤❛st✐❝ ✐♥t❡r❛❝t✐♥❣ ✐♥❞✐✈✐❞✉❛❧ s②st❡♠
✭❝❢✳ ❉✉rr❡tt ❛♥❞ ▲❡✈✐♥ ✶✾✾✹✮✳ ❚❤❡ ♣❤❡♥♦t②♣❡ ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ✈❡❝t♦r
♦❢ tr❛✐t ✈❛❧✉❡s✳ ❚❤❡ tr❛✐t s♣❛❝❡ X ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ s✉❜s❡t ♦❢ l✲❞✐♠❡♥s✐♦♥❛❧ r❡❛❧ ✈❡❝t♦rs
❛♥❞ t❤✉s ❞❡s❝r✐❜❡s l r❡❛❧✲✈❛❧✉❡❞ tr❛✐ts✳ ■♥ t❤❡ tr❛✐t s♣❛❝❡ X ✱ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❡♥t✐r❡❧②
❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡✱ t❤❛t ✐s✱ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦✉♥t✐♥❣ ❞❡✈✐❝❡ ✇❤✐❝❤ ❦❡❡♣s
tr❛❝❦ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❡①♣r❡ss✐♥❣ ❞✐✛❡r❡♥t ♣❤❡♥♦t②♣❡s✳ ❚❤❡ ♣♦♣✉❧❛t✐♦♥ ❡✈♦❧✈❡s
❛❝❝♦r❞✐♥❣ t♦ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ♦♥ t❤❡ s❡t ♦❢ s✉❝❤ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡s ♦♥ X ❀ t❤❡ ▼❛r❦♦✈
♣r♦♣❡rt② ❛ss✉♠❡s t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛❢t❡r t✐♠❡ t ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛st
✐♥❢♦r♠❛t✐♦♥ ♦♥❧② t❤r♦✉❣❤ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✭✐✳❡✳ ❛t t✐♠❡ t✮✳ ❚❤❡ ✐♥✜♥✐t❡s✲
✐♠❛❧ ❣❡♥❡r❛t♦r ❞❡s❝r✐❜❡s t❤❡ ♠❡❛♥ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ▼❛r❦♦✈ ♣r♦❝❡ss❀ ✐t ❝❛♣t✉r❡s t❤❡ ❜✐rt❤
❛♥❞ ❞❡❛t❤ ❡✈❡♥ts t❤❛t ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❡①♣❡r✐❡♥❝❡s ✇❤✐❧❡ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ♦t❤❡r ✐♥❞✐✈✐❞✉❛❧s✳
✷✳✶ Pr♦❝❡ss ❝♦♥str✉❝t✐♦♥
❲❡ ❝♦♥s✐❞❡r ❛ ♣♦♣✉❧❛t✐♦♥ ✐♥ ✇❤✐❝❤ ✐♥❞✐✈✐❞✉❛❧s ❝❛♥ ❣✐✈❡ ❜✐rt❤ ❛♥❞ ❞✐❡ ❛t r❛t❡s t❤❛t ❛r❡
✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ✐♥❞✐✈✐❞✉❛❧ tr❛✐ts ❛♥❞ ❜② ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ ✐♥❞✐✈✐❞✉❛❧s ❝❛rr②✐♥❣ t❤❡ s❛♠❡
♦r ❞✐✛❡r❡♥t tr❛✐ts✳ ❚❤❡s❡ ❡✈❡♥ts ♦❝❝✉r r❛♥❞♦♠❧②✱ ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡✳ ❘❡♣r♦❞✉❝t✐♦♥ ✐s
✹
❛❧♠♦st ❢❛✐t❤❢✉❧✿ t❤❡r❡ ✐s s♦♠❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ♠✉t❛t✐♦♥ ❝❛✉s❡s ❛♥ ♦✛s♣r✐♥❣✬s ♣❤❡♥♦t②♣❡
t♦ ❞✐✛❡r ❢r♦♠ ❤❡r ♣r♦❣❡♥✐t♦r✬s✳ ■♥t❡r❛❝t✐♦♥s tr❛♥s❧❛t❡ ✐♥t♦ ❛ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ ❜✐rt❤ ❛♥❞
❞❡❛t❤ r❛t❡s ♦❢ ❛♥② ❢♦❝❛❧ ✐♥❞✐✈✐❞✉❛❧ ✉♣♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❛❝t✐♥❣ ✐♥❞✐✈✐❞✉❛❧s✳
❚❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❛t ❛♥② t✐♠❡ t ❜② t❤❡ ✜♥✐t❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡
νt =
I(t)∑
i=1
δxit , ✭✷✳✶✮
✇❤❡r❡ δx ✐s t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ ❛t x✳ ❚❤❡ ♠❡❛s✉r❡ νt ❞❡s❝r✐❜❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧s
♦✈❡r t❤❡ tr❛✐t s♣❛❝❡ ❛t t✐♠❡ t✱ ✇❤❡r❡ I(t) ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❛❧✐✈❡ ❛t t✐♠❡
t✱ ❛♥❞ x1t , . . . , x
I(t)
t ❞❡♥♦t❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧s✬ tr❛✐ts✳ ❚❤❡ t✐♠❡ ♣r♦❝❡ss νt ❡✈♦❧✈❡s ✐♥ t❤❡ s❡t ♦❢
❛❧❧ ✜♥✐t❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡s✳ ◆♦t✐❝❡ t❤❛t t❤❡ t♦t❛❧ ♠❛ss ♦❢ t❤❡ ♠❡❛s✉r❡ νt ✐s ❡q✉❛❧ t♦ I(t)✳
▲✐❦❡✇✐s❡✱ νt(Γ) r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s ✇✐t❤ tr❛✐ts ❝♦♥t❛✐♥❡❞ ✐♥ ❛♥② s✉❜s❡t
Γ ♦❢ t❤❡ tr❛✐t s♣❛❝❡✱ ❛♥❞
∫
X
ϕ(x)νt(dx) =
I(t)∑
i=1
ϕ(xit)✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ t♦t❛❧ ✏♠❛ss✑ ♦❢
✐♥❞✐✈✐❞✉❛❧s✱ ❡❛❝❤ ♦❢ t❤❡♠ ❜❡✐♥❣ ✏✇❡✐❣❤t❡❞✑ ❜② t❤❡ ✏s❝❛❧❡✑ ϕ✱ ✐s ❝♦♠♣✉t❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ϕ
✇✐t❤ r❡s♣❡❝t t♦ νt ♦✈❡r t❤❡ tr❛✐t s♣❛❝❡✳
❚❤❡ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s ❛r❡ ❞r✐✈❡♥ ❜② ❛ ❜✐rt❤✲♠✉t❛t✐♦♥✲❞❡❛t❤ ♣r♦❝❡ss ❞❡✜♥❡❞ ❛s ❢♦❧✲
❧♦✇s✳ ■♥❞✐✈✐❞✉❛❧ ♠♦rt❛❧✐t② ❛♥❞ r❡♣r♦❞✉❝t✐♦♥ ❛r❡ ✐♥✢✉❡♥❝❡❞ ❜② ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ✐♥❞✐✲
✈✐❞✉❛❧s✳ ❋♦r ❛ ♣♦♣✉❧❛t✐♦♥ ✇❤♦s❡ st❛t❡ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ν =
∑I
i=1 δxi ✱
❧❡t ✉s ❞❡✜♥❡ d(x, U ∗ ν(x)) ❛s t❤❡ ❞❡❛t❤ r❛t❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧s ✇✐t❤ tr❛✐t x✱ b(x, V ∗ ν(x))
❛s t❤❡ ❜✐rt❤ r❛t❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧s ✇✐t❤ tr❛✐t x✱ ✇❤❡r❡ U ❛♥❞ V ❛r❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡❧s
❛✛❡❝t✐♥❣ ♠♦rt❛❧✐t② ❛♥❞ r❡♣r♦❞✉❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❍❡r❡ ∗ ❞❡♥♦t❡s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛✲
t♦r✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t U ❛♥❞ V ❣✐✈❡ t❤❡ ✏✇❡✐❣❤t✑ ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✇❤❡♥ ✐♥t❡r❛❝t✐♥❣ ✇✐t❤
❛ ❢♦❝❛❧ ✐♥❞✐✈✐❞✉❛❧✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❤♦✇ ♣❤❡♥♦t②♣✐❝❛❧❧② ❞✐✛❡r❡♥t t❤❡② ❛r❡✳ ❋♦r ❡①❛♠♣❧❡✱
U ∗ ν(x) = ∑Ii=1 U(x − xi)✳ ▼✉t❛t✐♦♥✲r❡❧❛t❡❞ ♣❛r❛♠❡t❡rs ❛r❡ ❡①♣r❡ss❡❞ ❛s ❢✉♥❝t✐♦♥s ♦❢
t❤❡ ✐♥❞✐✈✐❞✉❛❧ tr❛✐t ✈❛❧✉❡s ♦♥❧② ✭❛❧t❤♦✉❣❤ t❤❡r❡ ✇♦✉❧❞ ❜❡ ♥♦ ❢♦r♠❛❧ ❞✐✣❝✉❧t② t♦ ✐♥❝❧✉❞❡
❛ ❞❡♣❡♥❞❡♥❝② ♦♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ st❛t❡✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛❞❛♣t✐✈❡ ♠✉t❛❣❡♥❡s✐s ♠♦❞❡❧s✮✿
µ(x) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥ ♦✛s♣r✐♥❣ ♣r♦❞✉❝❡❞ ❜② ❛♥ ✐♥❞✐✈✐❞✉❛❧ ✇✐t❤ tr❛✐t x ❝❛rr✐❡s ❛
♠✉t❛t❡❞ tr❛✐t✱ M(x, z) ✐s t❤❡ ♠✉t❛t✐♦♥ st❡♣ ❦❡r♥❡❧ ♦❢ t❤❡ ♦✛s♣r✐♥❣ tr❛✐t x+ z ♣r♦❞✉❝❡❞ ❜②
✐♥❞✐✈✐❞✉❛❧s ✇✐t❤ tr❛✐t x✳ ❙✐♥❝❡ t❤❡ ♠✉t❛♥t tr❛✐t ❜❡❧♦♥❣s t♦ X ✱ ✇❡ ❛ss✉♠❡ M(x, z) = 0 ✐❢
x+ z ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ X ✳
❚❤✉s✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❝❡ss❡s ❞r✐✈✐♥❣ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛❞❛♣t✐✈❡ ❡✈♦❧✉t✐♦♥ ❞❡✈❡❧♦♣ t❤r♦✉❣❤
t✐♠❡ ❛s ❢♦❧❧♦✇s✿
• ❆t t = 0 t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✭♣♦ss✐❜❧② r❛♥❞♦♠✮ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡
ν0✳ ❚❤✐s ♠❡❛s✉r❡ ❣✐✈❡s t❤❡ ❛♥❝❡str❛❧ st❛t❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✳ ❲❤❡t❤❡r t❤❡ ❛♥❝❡str❛❧
st❛t❡ ✐s ♠♦♥♦♠♦r♣❤✐❝ ♦r ♣♦❧②♠♦r♣❤✐❝ ✇✐❧❧ ♣r♦✈❡ ♠❛t❤❡♠❛t✐❝❛❧❧② ✐♠♣♦rt❛♥t ❧❛t❡r ♦♥✳
• ❊❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❤❛s t✇♦ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ ✏❝❧♦❝❦s✑✿ ❛
❜✐rt❤ ❝❧♦❝❦ ✇✐t❤ ♣❛r❛♠❡t❡r b(x, V ∗νt(x))✱ ❛♥❞ ❛ ❞❡❛t❤ ❝❧♦❝❦ ✇✐t❤ ♣❛r❛♠❡t❡r d(x, U ∗
νt(x))✳ ❆ss✉♠✐♥❣ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥s ❛❧❧♦✇s t♦ r❡s❡t ❜♦t❤ ❝❧♦❝❦s t♦ ✵ ❡✈❡r②
t✐♠❡ ♦♥❡ ♦❢ t❤❡♠ r✐♥❣s✳ ❆t ❛♥② t✐♠❡ t✿
• ■❢ t❤❡ ❞❡❛t❤ ❝❧♦❝❦ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ r✐♥❣s✱ t❤✐s ✐♥❞✐✈✐❞✉❛❧ ❞✐❡s ❛♥❞ ❞✐s❛♣♣❡❛rs✳
✺
• ■❢ t❤❡ ❜✐rt❤ ❝❧♦❝❦ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ✇✐t❤ tr❛✐t x r✐♥❣s✱ t❤✐s ✐♥❞✐✈✐❞✉❛❧ ♣r♦❞✉❝❡s ❛♥
♦✛s♣r✐♥❣✳ ❲✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − µ(x) t❤❡ ♦✛s♣r✐♥❣ ❝❛rr✐❡s t❤❡ s❛♠❡ tr❛✐t x❀ ✇✐t❤
♣r♦❜❛❜✐❧✐t② µ(x) t❤❡ tr❛✐t ✐s ♠✉t❛t❡❞✳
• ■❢ ❛ ♠✉t❛t✐♦♥ ♦❝❝✉rs✱ t❤❡ ♠✉t❛t❡❞ ♦✛s♣r✐♥❣ ✐♥st❛♥t❧② ❛❝q✉✐r❡s ❛ ♥❡✇ tr❛✐t x + z✱
♣✐❝❦❡❞ r❛♥❞♦♠❧② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ♠❡❛s✉r❡ M(x, z)dz✳
■❢ ν =
∑I
i=1 δxi r❡♣r❡s❡♥ts t❤❡ ♣♦♣✉❧❛t✐♦♥ st❛t❡ ❛t ❛ ❣✐✈❡♥ t✐♠❡ t✱ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
❞②♥❛♠✐❝s ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛❢t❡r t ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦r ♦♥ t❤❡ s❡t ♦❢ r❡❛❧
❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s φ ✭s♦✲❝❛❧❧❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r✮✿
Lφ(ν) =
I∑
i=1
[1− µ(xi)]b(xi, V ∗ ν(xi))[φ(ν + δxi)− φ(ν)]
+
I∑
i=1
µ(xi)b(xi, V ∗ ν(xi))
∫
Rl
[φ(ν + δxi+z)− φ(ν)]M(xi, z)dz
+
I∑
i=1
d(xi, U ∗ ν(xi))[φ(ν − δxi)− φ(ν)]. ✭✷✳✷✮
❚❤❡ ✜rst t❡r♠ ♦❢ ✭✷✳✷✮ ❝❛♣t✉r❡s t❤❡ ❡✛❡❝t ♦♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❜✐rt❤ ✇✐t❤♦✉t ♠✉t❛t✐♦♥❀ t❤❡
s❡❝♦♥❞ t❡r♠✱ t❤❛t ♦❢ ❜✐rt❤ ✇✐t❤ ♠✉t❛t✐♦♥❀ ❛♥❞ t❤❡ ❧❛st t❡r♠✱ t❤❛t ♦❢ ❞❡❛t❤✳ ❚❤❡ ❞❡♥s✐t②
❞❡♣❡♥❞❡♥❝❡ ♦❢ ✈✐t❛❧ r❛t❡s ♠❛❦❡s ❛❧❧ t❡r♠s ♥♦♥❧✐♥❡❛r✳
❆t t❤✐s st❛❣❡✱ ❛ ✜rst ♠❛t❤❡♠❛t✐❝❛❧ st❡♣ ♥❡❡❞s ❜❡ t❛❦❡♥✿ t❤❡ ❢♦r♠❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
♣r♦❝❡ss ✐s r❡q✉✐r❡❞ t♦ ❥✉st✐❢② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ❛❞♠✐tt✐♥❣ L ❛s ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦r✳ ❚❤❡r❡ ✐s ❛ t❤r❡❡❢♦❧❞ ❜✐♦❧♦❣✐❝❛❧ ♣❛②♦✛ t♦ s✉❝❤ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❡♥❞❡❛✈♦r✿ ✭✶✮
♣r♦✈✐❞✐♥❣ ❛ r✐❣♦r♦✉s ❛♥❞ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❢♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✭❣✐✈❡♥ ❤❡r❡❛❢t❡r✮❀ ✭✷✮
❧❛②✐♥❣ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛s✐s t♦ ❞❡r✐✈❡ t❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss ✭❙❡❝t✐♦♥ ✸✮❀
❛♥❞ ✭✸✮ ❡st❛❜❧✐s❤✐♥❣ ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡r✐✈❡ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s
✭❙❡❝t✐♦♥s ✹ ❛♥❞ ✺✮✳
❲❡ ♠❛❦❡ t❤❡ ❜✐♦❧♦❣✐❝❛❧❧② ♥❛t✉r❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t ❛❧❧ ♣❛r❛♠❡t❡rs✱ ❛s ❢✉♥❝t✐♦♥s ♦❢ tr❛✐ts✱
r❡♠❛✐♥ ❜♦✉♥❞❡❞✱ ❡①❝❡♣t ❢♦r t❤❡ ❞❡❛t❤ r❛t❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❢♦r ❛♥② ♣♦♣✉❧❛t✐♦♥
st❛t❡ ν =
∑I
i=1 δxi ✱ t❤❡ ❜✐rt❤ r❛t❡ b(x, V ∗ ν(x)) ✐s ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t b¯✱ t❤❛t
t❤❡ ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡❧s U ❛♥❞ V ❛r❡ ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② ❝♦♥st❛♥ts U¯ ❛♥❞ V¯ ✱ ❛♥❞ t❤❛t t❤❡r❡
❡①✐sts ❛ ❝♦♥st❛♥t d¯ s✉❝❤ t❤❛t d(x, U ∗ ν(x)) ≤ (1 + I)d¯✳ ❚❤❡ ❧❛tt❡r ❛ss✉♠♣t✐♦♥ ♠❡❛♥s
t❤❛t t❤❡ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ♦♥ ♠♦rt❛❧✐t② ✐s ✏❧✐♥❡❛r ♦r ❧❡ss t❤❛♥ ❧✐♥❡❛r✑✳ ▲❛st❧②✱ ✇❡ ❛ss✉♠❡
t❤❛t t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t C ❛♥❞ ❛ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② M¯ s✉❝❤ t❤❛t ❢♦r ❛♥② tr❛✐t x✱
M(x, z) ≤ CM¯(z)✳ ❚❤✐s ✐s ✐♠♣❧✐❡❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐❢ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ❞✐str✐❜✉t✐♦♥ ✈❛r✐❡s
s♠♦♦t❤❧② ♦✈❡r ❛ ❜♦✉♥❞❡❞ tr❛✐t s♣❛❝❡✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ❡♥s✉r❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
C¯ s✉❝❤ t❤❛t ❢♦r ❛♥② ♣♦♣✉❧❛t✐♦♥ st❛t❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ν =
∑I
i=1 δxi ✱ t❤❡
t♦t❛❧ ❡✈❡♥t r❛t❡✱ ✐✳❡✳ t❤❡ s✉♠ ♦❢ ❛❧❧ ❡✈❡♥t r❛t❡s✱ ✐s ❜♦✉♥❞❡❞ ❜② C¯I(I + 1)✳ ■♥❞❡❡❞✱ ✇✐t❤♦✉t
❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡✱ t❤❡ ♣❡r ❝❛♣✐t❛ ❡✈❡♥t r❛t❡ s❤♦✉❧❞ ❜❡ ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② C¯✱ ♠❛❦✐♥❣ t❤❡
t♦t❛❧ ❡✈❡♥t r❛t❡ ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② C¯I ✭s✐♥❝❡ I ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✮❀ t❤❡ ✐♥✢✉❡♥❝❡
♦❢ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ❛♣♣❡❛rs t❤r♦✉❣❤ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ t❡r♠ I + 1✳
▲❡t ✉s ♥♦✇ ❣✐✈❡ ❛♥ ❛❧❣♦r✐t❤♠✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♣r♦❝❡ss (νt)t≥0✳ ❆t ❛♥②
t✐♠❡ t✱ ✇❡ ♠✉st ❞❡s❝r✐❜❡ t❤❡ s✐③❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ❛♥❞ t❤❡ tr❛✐t ✈❡❝t♦r ♦❢ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧s
❛❧✐✈❡ ❛t t❤❛t t✐♠❡✳ ❆t t✐♠❡ t = 0✱ t❤❡ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥ st❛t❡ ν0 ❝♦♥t❛✐♥s I(0) ✐♥❞✐✈✐❞✉❛❧s✳
✻
❚❤❡ ✈❡❝t♦r ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X0 = (Xi0)1≤i≤I(0) ❞❡♥♦t❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛✐t ✈❛❧✉❡s✳
▼♦r❡ ❣❡♥❡r❛❧❧② t❤❡ ✈❡❝t♦r ♦❢ tr❛✐ts ♦❢ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧s ❛❧✐✈❡ ❛t t✐♠❡ t ✐s ❞❡♥♦t❡❞ ❜② Xt✳ ❲❡
✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡s ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❞r✐✈❡ t❤❡
❛❧❣♦r✐t❤♠✳ ❋✐rst✱ t❤❡ ✈❛❧✉❡s ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (Wk)k∈N∗ ✇✐t❤ ✉♥✐❢♦r♠ ❧❛✇
♦♥ [0, 1] ✇✐❧❧ ❜❡ ✉s❡❞ t♦ s❡❧❡❝t t❤❡ t②♣❡ ♦❢ ❜✐rt❤ ♦r ❞❡❛t❤ ❡✈❡♥ts✳ ❙❡❝♦♥❞✱ t❤❡ t✐♠❡s ❛t ✇❤✐❝❤
❡✈❡♥ts ♠❛② ❜❡ r❡❛❧✐③❡❞ ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ✉s✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (τk)k∈N ✇✐t❤
❡①♣♦♥❡♥t✐❛❧ ❧❛✇ ✇✐t❤ ♣❛r❛♠❡t❡r C¯ ✭❤❡♥❝❡ E(τk) = 1/C¯✮✳ ❚❤✐r❞✱ t❤❡ ♠✉t❛t✐♦♥ st❡♣s ✇✐❧❧
❜❡ ❞r✐✈❡♥ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (Zk)k∈N ✇✐t❤ ❧❛✇ M¯(z)dz✳
❲❡ s❡t T0 = 0 ❛♥❞ ❝♦♥str✉❝t t❤❡ ♣r♦❝❡ss ✐♥❞✉❝t✐✈❡❧② ♦✈❡r s✉❝❝❡ss✐✈❡ ❡✈❡♥t st❡♣s k ≥ 1
❛s ❢♦❧❧♦✇s✳ ❆t st❡♣ k − 1✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s ✐s Ik−1✱ ❛♥❞ t❤❡ tr❛✐t ✈❡❝t♦r ♦❢ t❤❡s❡
✐♥❞✐✈✐❞✉❛❧s ✐s XTk−1 ✳ ❲❡ ❞❡✜♥❡ Tk = Tk−1 +
τk
Ik−1(Ik−1 + 1)
✳ ❚❤❡ t❡r♠
τk
Ik−1(Ik−1 + 1)
r❡♣r❡s❡♥ts t❤❡ ♠✐♥✐♠❛❧ ❛♠♦✉♥t ♦❢ t✐♠❡ ❜❡t✇❡❡♥ t✇♦ ❡✈❡♥ts ✭❜✐rt❤ ♦r ❞❡❛t❤✮ ✐♥ ❛ ♣♦♣✉❧❛t✐♦♥
♦❢ s✐③❡ Ik−1 ✭t❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ t♦t❛❧ ❡✈❡♥t r❛t❡ ✐s ❜♦✉♥❞❡❞ ❜② C¯Ik−1(Ik−1 + 1)✮✳ ❆t t✐♠❡
Tk✱ ♦♥❡ ❝❤♦♦s❡s ❛♥ ✐♥❞✐✈✐❞✉❛❧ ik = i ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠ ❛♠♦♥❣ t❤❡ Ik−1 ❛❧✐✈❡ ✐♥ t❤❡
t✐♠❡ ✐♥t❡r✈❛❧ [Tk−1, Tk)❀ t❤✐s ✐♥❞✐✈✐❞✉❛❧✬s tr❛✐t ✐s XiTk−1 ✳ ✭■❢ Ik−1 = 0 t❤❡♥ νt = 0 ❢♦r ❛❧❧
t ≥ Tk−1✳✮ ❇❡❝❛✉s❡ C¯(Ik−1 + 1) ❣✐✈❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ t♦t❛❧ ❡✈❡♥t r❛t❡ ❢♦r ❡❛❝❤
✐♥❞✐✈✐❞✉❛❧✱ ♦♥❡ ❝❛♥ ❞❡❝✐❞❡ ♦❢ t❤❡ ❢❛t❡ ♦❢ t❤❛t ✐♥❞✐✈✐❞✉❛❧ ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
r✉❧❡s✿
• ■❢ 0 ≤Wk ≤
d(XiTk−1 ,
∑Ik−1
j=1 U(X
i
Tk−1
−XjTk−1))
C¯(Ik−1 + 1)
= W i1(XTk−1)✱ t❤❡♥ t❤❡ ❝❤♦s❡♥ ✐♥✲
❞✐✈✐❞✉❛❧ ❞✐❡s✱ ❛♥❞ Ik = Ik−1 − 1✳
• ■❢ W i1(XTk−1) < Wk ≤W i2(XTk−1)✱ ✇❤❡r❡
W i2(XTk−1) = W
i
1(XTk−1) +
[1− µ(XiTk−1)]b(XiTk−1 ,
∑Ik−1
j=1 V (X
i
Tk−1
−XjTk−1))
C¯(Ik−1 + 1)
,
t❤❡♥ t❤❡ ❝❤♦s❡♥ ✐♥❞✐✈✐❞✉❛❧ ❣✐✈❡s ❜✐rt❤ t♦ ❛♥ ♦✛s♣r✐♥❣ ✇✐t❤ t❤❡ s❛♠❡ tr❛✐t✱ ❛♥❞ Ik =
Ik−1 + 1✳
• ■❢ W i2(XTk−1) < Wk ≤W i3(XTk−1 , Zk)✱ ✇❤❡r❡
W i3(XTk−1 , Zk) = W
i
2(XTk−1)+
µ(XiTk−1)b(X
i
Tk−1
,
∑Ik−1
j=1 V (X
i
Tk−1
−XjTk−1))M(XiTk−1 , Zk)
C¯M¯(Zk)(Ik−1 + 1)
,
t❤❡♥ t❤❡ ❝❤♦s❡♥ ✐♥❞✐✈✐❞✉❛❧ ❣✐✈❡s ❜✐rt❤ t♦ ❛ ♠✉t❛♥t ♦✛s♣r✐♥❣ ✇✐t❤ tr❛✐t XiTk−1 + Zk✱
❛♥❞ Ik = Ik−1 + 1✳
• ■❢ Wk > W i3(XTk−1 , Zk)✱ ♥♦t❤✐♥❣ ❤❛♣♣❡♥s✱ ❛♥❞ Ik = Ik−1✳
▼❛t❤❡♠❛t✐❝❛❧❧②✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❥✉st✐❢② t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧✲❜❛s❡❞ ♣r♦❝❡ss (νt)t≥0 ✐s
✇❡❧❧ ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦❧❡ t✐♠❡ ✐♥t❡r✈❛❧ [0,∞)❀ ♦t❤❡r✇✐s❡✱ t❤❡ s❡q✉❡♥❝❡ Tk ♠✐❣❤t ❝♦♥✈❡r❣❡
t♦ ❛ ✜♥✐t❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♣r♦❝❡ss ✇♦✉❧❞ ❡①♣❧♦❞❡ ✐♥ ✜♥✐t❡ t✐♠❡✳
❚♦ t❤✐s ❡♥❞✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ❜✐rt❤ r❛t❡ r❡♠❛✐♥s ❜♦✉♥❞❡❞✳ ❚❤✐s ❛❧❧♦✇s ♦♥❡
t♦ ❝♦♠♣❛r❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❥✉♠♣ t✐♠❡s ♦❢ t❤❡ ♣r♦❝❡ss νt ✇✐t❤ t❤❛t ♦❢ ❛ ❝❧❛ss✐❝❛❧ ●❛❧t♦♥✲
❲❛ts♦♥ ♣r♦❝❡ss✳ ❙✐♥❝❡ t❤❡ ❧❛tt❡r ❝♦♥✈❡r❣❡s t♦ ✐♥✜♥✐t②✱ t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r t❤❡ ♣r♦❝❡ss νt✱
✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ ♥❡❝❡ss❛r② ❥✉st✐✜❝❛t✐♦♥✳
✼
❚❤❡ ♣r♦❝❡ss (νt)t≥0 ✐s ▼❛r❦♦✈✐❛♥ ✇✐t❤ ❣❡♥❡r❛t♦r L ❞❡✜♥❡❞ ❜② ✭✷✳✷✮✳ ❋r♦♠ t❤✐s ❢♦❧❧♦✇s
t❤❡ ❝❧❛ss✐❝❛❧ ♣r♦❜❛❜✐❧✐st✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ νt ❛s ❛ s♦❧✉t✐♦♥ ♦❢ ❛♥ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛✲
t✐♦♥ ❣♦✈❡r♥❡❞ ❜② L ❛♥❞ ♣❡rt✉r❜❡❞ ❜② ❛ ♠❛rt✐♥❣❛❧❡ ♣r♦❝❡ss ✭❊t❤✐❡r ❛♥❞ ❑✉rt③ ✶✾✽✻✮✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✭✷✳✷✮ ❡♥t❛✐❧s t❤❛t ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ✱ ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜❧❡ ♦♥ X∫
X
ϕ(x)νt(dx) = mt(ϕ) +
∫
X
ϕ(x)ν0(dx)
+
∫ t
0
∫
X
(
(1− µ(x))b(x, V ∗ νs(x))− d(x, U ∗ νs(x))
)
ϕ(x)νs(dx)ds
+
∫ t
0
∫
X
µ(x)b(x, V ∗ νs(x))
(∫
Rl
ϕ(x+ z)M(x, z)dz
)
νs(dx)ds, ✭✷✳✸✮
✇❤❡r❡ t❤❡ t✐♠❡ ♣r♦❝❡ss mt(ϕ) ✐s ❛ ♠❛rt✐♥❣❛❧❡ ✭s❡❡ ❛♣♣❡♥❞✐①✮ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ r❛♥❞♦♠
✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ν✳ ❋♦r ❡❛❝❤ t✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ mt(ϕ) ❤❛s ♠❡❛♥
③❡r♦ ❛♥❞ ✈❛r✐❛♥❝❡ ❡q✉❛❧ t♦✿
∫ t
0
∫
X
{
ϕ2(x)((1− µ(x))b(x, V ∗ νs(x)) + d(x, U ∗ νs(x)))
+ µ(x)b(x, V ∗ νs(x))
∫
Rl
ϕ2(x+ z)M(x, z)dz
}
νs(dx)ds. ✭✷✳✹✮
❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✱ ✇✐❧❧ ❜❡ t❤❡ ❦❡② t♦ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥
♠❡t❤♦❞✳ ❊q✉❛t✐♦♥ ✭✷✳✸✮ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ♣r♦✈✐❞✐♥❣ ❛ ❣❡♥❡r❛❧ ♠♦❞❡❧ ❢♦r t❤❡ ❵♣❤❡♥♦t②♣✐❝
♠❛ss✬ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ t❤❛t ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥② ❣✐✈❡♥ ❵s❝❛❧❡✬ ϕ✱ ϕ(x) ❜❡✐♥❣ t❤❡
❵✇❡✐❣❤t✬ ♦❢ tr❛✐t x ✐♥ t❤❡ ♣❤❡♥♦t②♣✐❝ s♣❛❝❡ X ✳
✷✳✷ ❊①❛♠♣❧❡s ❛♥❞ s✐♠✉❧❛t✐♦♥s
❆ s✐♠♣❧❡ ❡①❛♠♣❧❡ ❛ss✉♠❡s ❧♦❣✐st✐❝ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ♠❡❞✐❛t❡❞ ❜② t❤❡ ❞❡❛t❤ r❛t❡ ♦♥❧②✿
b(x, ζ) = b(x), d(x, ζ) = d(x) + α(x)ζ, ✭✷✳✺✮
✇❤❡r❡ b✱ d ❛♥❞ α ❛r❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥
d(x, U ∗ ν(x)) = d(x) + α(x)
∫
X¯
U(x− y)ν(dy). ✭✷✳✻✮
◆♦t✐❝❡ t❤❛t✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ µ ≡ 1✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧✲❜❛s❡❞ ♠♦❞❡❧ ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s
❛ ♠♦❞❡❧ ♦❢ ✏s♣❛t✐❛❧❧② str✉❝t✉r❡❞ ♣♦♣✉❧❛t✐♦♥✑✱ ✇❤❡r❡ t❤❡ tr❛✐t ✐s ✈✐❡✇❡❞ ❛s ❛ s♣❛t✐❛❧ ❧♦❝❛t✐♦♥
❛♥❞ ♠✉t❛t✐♦♥ ✐s ❛♥❛❧♦❣♦✉s t♦ ❞✐s♣❡rs❛❧✳ ❚❤✐s ✐s t❤❡ t②♣❡ ♦❢ ♠♦❞❡❧s st✉❞✐❡❞ ❜② ❇♦❧❦❡r ❛♥❞
P❛❝❛❧❛ ✭✶✾✾✼✱ ✶✾✾✾✮✱ ▲❛✇ ❡t ❛❧✳ ✭✷✵✵✸✮ ❛♥❞ ❋♦✉r♥✐❡r ❛♥❞ ▼é❧é❛r❞ ✭✷✵✵✹✮✳ ❚❤❡ ✇❡❧❧✲❦♥♦✇♥
❝❛s❡ U ≡ 1 ❝♦rr❡s♣♦♥❞s t♦ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ✐♥✈♦❧✈✐♥❣ t❤❡ t♦t❛❧ ♣♦♣✉❧❛t✐♦♥ s✐③❡✱ ❛♥❞ ✇✐❧❧
❜❡ t❡r♠❡❞ ✏♠❡❛♥ ✜❡❧❞✑✳
❑✐s❞✐ ✭✶✾✾✾✮ ❤❛s ❝♦♥s✐❞❡r❡❞ ❛ ✈❡rs✐♦♥ ♦❢ ✭✷✳✺✮✕✭✷✳✻✮ ❢♦r ✇❤✐❝❤
X = [0, 4], d(x) = 0, α(x) = 1, µ(x) = µ,
b(x) = 4− x, U(x− y) = 2
K
(
1− 1
1 + 1.2 exp(−4(x− y))
)
✭✷✳✼✮
✽
❛♥❞ M(x, z)dz ✐s ❛ ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ ❧❛✇ ✇✐t❤ ✈❛r✐❛♥❝❡ σ2 ❝♦♥❞✐t✐♦♥❡❞ t♦ t❤❡ ❢❛❝t t❤❛t
t❤❡ ♠✉t❛♥t st❛②s ✐♥ [0, 4]✳ ■♥ t❤✐s ♠♦❞❡❧✱ t❤❡ tr❛✐t x ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❜♦❞② s✐③❡❀ ✭✷✳✼✮
♠❡❛♥s t❤❛t ❜♦❞② s✐③❡ ❤❛s ♥♦ ❡✛❡❝t ♦♥ t❤❡ ♠✉t❛t✐♦♥ r❛t❡✱ ✐♥✢✉❡♥❝❡s t❤❡ ❜✐rt❤ r❛t❡ ♥❡❣❛t✐✈❡❧②✱
❛♥❞ ❝r❡❛t❡s ❛s②♠♠❡tr✐❝❛❧ ❝♦♠♣❡t✐t✐♦♥ r❡✢❡❝t❡❞ ✐♥ t❤❡ s✐❣♠♦✐❞ s❤❛♣❡ ♦❢ U ✭❜❡✐♥❣ ❧❛r❣❡r ✐s
❝♦♠♣❡t✐t✐✈❡❧② ❛❞✈❛♥t❛❣❡♦✉s✮✳ ❚❤✉s✱ ❜♦❞② s✐③❡ x ✐s s✉❜❥❡❝t t♦ ✭❢r❡q✉❡♥❝②✲✐♥❞❡♣❡♥❞❡♥t✮
st❛❜✐❧✐③✐♥❣ s❡❧❡❝t✐♦♥ ❛♥❞ ♠❡❞✐❛t❡s ❢r❡q✉❡♥❝②✲ ❛♥❞ ❞❡♥s✐t②✲❞❡♣❡♥❞❡♥t s❡❧❡❝t✐♦♥ t❤r♦✉❣❤ ✐♥✲
tr❛s♣❡❝✐✜❝ ❝♦♠♣❡t✐t✐♦♥✳ ❆s ✇❡ s❤❛❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥ ✹✱ t❤❡ ❝♦♥st❛♥t K s❝❛❧✐♥❣ t❤❡ str❡♥❣t❤
♦❢ ❝♦♠♣❡t✐t✐♦♥ ❛❧s♦ s❝❛❧❡s ♣♦♣✉❧❛t✐♦♥ s✐③❡✳ ❋♦❧❧♦✇✐♥❣ ▼❡t③ ❡t ❛❧✳ ✭✶✾✾✻✮✱ ✇❡ r❡❢❡r t♦ K ❛s
t❤❡ ✏s②st❡♠ s✐③❡✑✳
❲❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ s✐♠✉❧❛t✐♦♥s ♦❢ t❤✐s ♠♦❞❡❧ ❜② ✉s✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts r❡♣♦rt❡❞ ❤❡r❡ ✭❋✐❣✳ ✶ ❛♥❞ ✷✮ ❛r❡ ✐♥t❡♥❞❡❞ t♦
s❤♦✇ t❤❛t ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦rs ♦❜t❛✐♥s ❢♦r ❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡
♠✉t❛t✐♦♥ ♣❛r❛♠❡t❡rs σ✱ µ ❛♥❞ s②st❡♠ s✐③❡ K✳ ■♥ ❡❛❝❤ ✜❣✉r❡ ✶ ✭❛✮✕✭❞✮ ❛♥❞ ✷ ✭❛✮✕✭❞✮✱ t❤❡
✉♣♣❡r ♣❛♥❡❧ ❞✐s♣❧❛②s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ tr❛✐t ✈❛❧✉❡s ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛t ❛♥② t✐♠❡ ❛♥❞ t❤❡
❧♦✇❡r ♣❛♥❡❧ ❞✐s♣❧❛②s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ t♦t❛❧ ♣♦♣✉❧❛t✐♦♥ s✐③❡✱ I(t)✳
❚❤❡s❡ s✐♠✉❧❛t✐♦♥s ❤✐♥t ❛t t❤❡ ❞✐✛❡r❡♥t ♠❛t❤❡♠❛t✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s t❤❛t ✇❡ ❡st❛❜❧✐s❤
✐♥ ❙❡❝t✐♦♥s ✹ ❛♥❞ ✺✳ ❋✐❣✉r❡s ✶ ✭❛✮✕✭❝✮ r❡♣r❡s❡♥t t❤❡ ✐♥❞✐✈✐❞✉❛❧✲❜❛s❡❞ ♣r♦❝❡ss (νt, I(t)) ✇✐t❤
✜①❡❞ µ ❛♥❞ σ✱ ❛♥❞ ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣ s②st❡♠ s✐③❡ K✳ ❆s K ✐♥❝r❡❛s❡s✱ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢
t❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡ I(t) ✭❧♦✇❡r ♣❛♥❡❧s✮ ❛r❡ str♦♥❣❧② r❡❞✉❝❡❞✱ ✇❤✐❝❤ s✉❣❣❡sts t❤❡ ❡①✐st❡♥❝❡
♦❢ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❧✐♠✐t❀ ❛♥❞ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♠❡❛s✉r❡ νt ✭✉♣♣❡r ♣❛♥❡❧s✮ s♣r❡❛❞s ♦✈❡r
t❤❡ tr❛✐t s♣❛❝❡✱ ✇❤✐❝❤ s✉❣❣❡sts t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞❡♥s✐t② ❢♦r t❤❡ ❧✐♠✐t ♠❡❛s✉r❡ ✭s❡❡ ❙❡❝✲
t✐♦♥ ✹✳✶✮✳ ❋✐❣✉r❡ ✶ ✭❞✮ ✐❧❧✉str❛t❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦♥ ❛ ❧♦♥❣ t✐♠❡s❝❛❧❡✱ ✇❤❡♥
t❤❡ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② µ ✐s ✈❡r② s♠❛❧❧✳ ❆ q✉❛❧✐t❛t✐✈❡❧② ❞✐✛❡r❡♥t ♣❤❡♥♦♠❡♥♦♥ ❛♣♣❡❛rs✿
t❤❡ ♣♦♣✉❧❛t✐♦♥ r❡♠❛✐♥s ♠♦♥♦♠♦r♣❤✐❝ ❛♥❞ t❤❡ tr❛✐t ❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣ t♦ ❛ ❥✉♠♣ ♣r♦❝❡ss✱
♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳
■♥ ❋✐❣✉r❡ ✷✱ t❤❡ ✉♥❞❡r❧②✐♥❣ ♠♦❞❡❧ ✐♥✈♦❧✈❡s ❛❝❝❡❧❡r❛t✐♥❣ t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s
❛❧♦♥❣ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ s②st❡♠ s✐③❡✱ ❛s ✐❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✇❡r❡ ♠❛❞❡ ✉♣ ♦❢ ❛ ❧❛r❣❡r ♥✉♠❜❡r ♦❢
s♠❛❧❧❡r ✐♥❞✐✈✐❞✉❛❧s✱ r❡♣r♦❞✉❝✐♥❣ ❛♥❞ ❞②✐♥❣ ❛t ❤✐❣❤❡r r❛t❡s ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✷✮✳ ❙♣❡❝✐✜❝❛❧❧②✱
✇❡ t❛❦❡
b(x, ζ) = Kη + b(x) ❛♥❞ d(x, ζ) = Kη + d(x) + ζ,
✇❤❡r❡ b(x)✱ d(x)✱ µ(x)✱ U(x) ❛♥❞ M(x, z) ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ ✭✷✳✼✮✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✏❞❡♠♦✲
❣r❛♣❤✐❝ t✐♠❡s❝❛❧❡✑ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤✱ t❤❛t ♦❝❝✉rs ❛t r❛t❡ b(x, ζ)−d(x, ζ)✱ ✐s ✉♥❝❤❛♥❣❡❞✳
❚❤❡r❡ ✐s ❛ ♥♦t✐❝❡❛❜❧❡ q✉❛❧✐t❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❋✐❣s✳ ✷ ✭❛✮✕✭❜✮✱ ✇❤❡r❡ η = 1/2✱ ❛♥❞
❋✐❣s✳ ✷ ✭❝✮✕✭❞✮✱ ✇❤❡r❡ η = 1✳ ■♥ t❤❡ ❧❛tt❡r✱ ✇❡ ♦❜s❡r✈❡ str♦♥❣ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥
s✐③❡✱ ❡❛r❧② ❡①t✐♥❝t✐♦♥ ❤❛♣♣❡♥❡❞ ✐♥ ♠❛♥② s✐♠✉❧❛t✐♦♥s ✭❋✐❣✳ ✷ ✭❞✮✮ ❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥❛r②
♣❛tt❡r♥ ✐s ✜♥❡❧② ❜r❛♥❝❤❡❞✱ r❡✈❡❛❧✐♥❣ t❤❛t t❤❡ st♦❝❤❛st✐❝✐t② ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣❡rs✐sts ❛♥❞
❣❡♥❡r❛t❡s ❛ ♥❡✇ ❢♦r♠ ♦❢ st♦❝❤❛st✐❝✐t② ✐♥ t❤❡ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ❧✐♠✐t ✭s❡❡ ❙❡❝t✐♦♥s ✹✳✷✳✶
❛♥❞ ✹✳✷✳✷✮✳
✾
✭❛✮ µ = 0.03✱ K = 100✱ σ = 0.1✳ ✭❜✮ µ = 0.03✱ K = 3000✱ σ = 0.1✳
✭❝✮ µ = 0.03✱ K = 100000✱ σ = 0.1✳ ✭❞✮ µ = 0.00001✱ K = 3000✱ σ = 0.1✳
❋✐❣✉r❡ ✶✿ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ tr❛✐t ❞✐str✐❜✉t✐♦♥s ✭✉♣♣❡r ♣❛♥❡❧s✱ ❞❛r❦❡r ✐s ❤✐❣❤❡r ❢r❡✲
q✉❡♥❝②✮ ❛♥❞ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ✭❧♦✇❡r ♣❛♥❡❧s✮✳ ❚❤❡ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥ ✐s ♠♦♥♦♠♦r♣❤✐❝ ✇✐t❤
tr❛✐t ✈❛❧✉❡ 1.2 ❛♥❞ ❝♦♥t❛✐♥sK ✐♥❞✐✈✐❞✉❛❧s✳ ✭❛✕❝✮ ◗✉❛❧✐t❛t✐✈❡ ❡✛❡❝t ♦❢ ✐♥❝r❡❛s✐♥❣ s②st❡♠ s✐③❡
✭♠❡❛s✉r❡❞ ❜② ♣❛r❛♠❡t❡r K✮✳ ✭❞✮ ▲❛r❣❡ s②st❡♠ s✐③❡ ❛♥❞ ✈❡r② s♠❛❧❧ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐❧✐t②
✭µ✮✳ ❘✉♥♥✐♥❣ t✐♠❡ ✇❛s ❝❤♦s❡♥ s♦ t❤❛t s✐♠✐❧❛r r❛♥❣❡s ♦❢ tr❛✐t ✈❛❧✉❡s ✇❡r❡ s♣❛♥♥❡❞ ❜② ❛❧❧
s✐♠✉❧❛t❡❞ ❡✈♦❧✉t✐♦♥❛r② tr❛❥❡❝t♦r✐❡s✳
✶✵
✭❛✮ µ = 0.3✱ K = 10000✱ σ = 0.3/Kη/2✱ η = 0.5✳ ✭❜✮ µ = 0.1/Kη✱ K = 10000✱ σ = 0.1✱ η = 0.5✳
✭❝✮ µ = 0.3✱ K = 10000✱ σ = 0.3/Kη/2✱ η = 1✳ ✭❞✮ µ = 0.3✱ K = 10000✱ σ = 0.3/Kη/2✱ η = 1✳
❋✐❣✉r❡ ✷✿ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ tr❛✐t ❞✐str✐❜✉t✐♦♥ ✭✉♣♣❡r ♣❛♥❡❧s✱ ❞❛r❦❡r ✐s ❤✐❣❤❡r ❢r❡✲
q✉❡♥❝②✮ ❛♥❞ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ✭❧♦✇❡r ♣❛♥❡❧s✮ ❢♦r ❛❝❝❡❧❡r❛t❡❞ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ❛♥❞ ❝♦♥❝✉r✲
r❡♥t❧② ✐♥❝r❡❛s❡❞ s②st❡♠ s✐③❡✳ P❛r❛♠❡t❡r η ✭❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✮ r❡❧❛t❡s t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢
❞❡♠♦❣r❛♣❤✐❝ t✉r♥♦✈❡r ❛♥❞ t❤❡ ✐♥❝r❡❛s❡ ♦❢ s②st❡♠ s✐③❡✳ ✭❛✮ ❘❡s❝❛❧✐♥❣ ♠✉t❛t✐♦♥ st❡♣✳ ✭❜✮
❘❡s❝❛❧✐♥❣ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐❧✐t②✳ ✭❝✕❞✮ ❘❡s❝❛❧✐♥❣ ♠✉t❛t✐♦♥ st❡♣ ✐♥ t❤❡ ❧✐♠✐t ❝❛s❡ η = 1❀ t✇♦
s❛♠♣❧❡s ❢♦r t❤❡ s❛♠❡ ♣♦♣✉❧❛t✐♦♥✳ ❚❤❡ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥ ✐s ♠♦♥♦♠♦r♣❤✐❝ ✇✐t❤ tr❛✐t ✈❛❧✉❡
1.2 ❛♥❞ ❝♦♥t❛✐♥s K ✐♥❞✐✈✐❞✉❛❧s✳
✶✶
✸ ▼♦♠❡♥t ❡q✉❛t✐♦♥s
▼♦♠❡♥t ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡♦r❡t✐❝❛❧ ♣♦♣✉❧❛t✐♦♥ ❜✐♦❧♦❣② ❜② ❇♦❧❦❡r ❛♥❞
P❛❝❛❧❛ ✭✶✾✾✼✱ ✶✾✾✾✮ ❛♥❞ ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇ ✭✷✵✵✵✮ ✭r❡❢❡rr❡❞ ❤❡r❡❛❢t❡r ❛s ❇P❉▲✮✱ ❢♦❧❧♦✇✐♥❣
♦♥ ❢r♦♠ t❤❡ s❡♠✐♥❛❧ ✇♦r❦ ♦❢ ▼❛ts✉❞❛ ❡t ❛❧✳ ✭✶✾✾✷✮✱ ❛s ❤❛♥❞② ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧s ❢♦r s♣❛t✐❛❧❧②
❡①t❡♥❞❡❞ ♣♦♣✉❧❛t✐♦♥s✳ ❆ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜② ▼❝❑❛♥❡
❛♥❞ ◆❡✇♠❛♥ ✭✷✵✵✹✮ t♦ ♠♦❞❡❧ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s ✇❤❡♥ ✐♥❞✐✈✐❞✉❛❧ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s
♦♣❡r❛t❡ ✐♥ s♣❛t✐❛❧❧② str✉❝t✉r❡❞ ❤❛❜✐t❛ts✳ ❍❡r❡❛❢t❡r✱ ✇❡ ✉s❡ t❤❡ ❛♥❛❧♦❣② ❜❡t✇❡❡♥ ♣♦♣✉❧❛t✐♦♥
♣r♦❝❡ss❡s ❞❡✜♥❡❞ ♦♥ tr❛✐t s♣❛❝❡ ✈❡rs✉s ♣❤②s✐❝❛❧ s♣❛❝❡ t♦ ❝♦♥str✉❝t t❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ♦❢
t❤❡ ♣♦♣✉❧❛t✐♦♥ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s✳ ❚❤❡ ✏♣❤✐❧♦s♦♣❤②✑ ♦❢ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ✐s ❣❡r♠❛♥❡
t♦ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ▼♦♥t❡✲❈❛r❧♦ ♠❡t❤♦❞s✿ ❝♦♠♣✉t✐♥❣ t❤❡ ♠❡❛♥ ♣❛t❤ ♦❢ t❤❡ ♣♦✐♥t ♣r♦❝❡ss
❢r♦♠ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✐③❛t✐♦♥s✳ ✭❚❤❡ ♦rt❤♦❣♦♥❛❧ st❛♥❝❡✱ ❛s ✇❡ s❤❛❧❧ s❡❡ ✐♥
❙❡❝t✐♦♥ ✹✱ ✐s t♦ ♠♦❞❡❧ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ s✐♥❣❧❡ tr❛❥❡❝t♦r② ✇❤✐❧❡ ♠❛❦✐♥❣ t❤❡ ✐♥✐t✐❛❧ ♥✉♠❜❡r
♦❢ ✐♥❞✐✈✐❞✉❛❧s ❜❡❝♦♠❡ ❧❛r❣❡✮✳
▲❡t ✉s ❞❡✜♥❡ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛s✉r❡ E(ν) ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ r❛♥❞♦♠ ♠❡❛s✉r❡ ν ❜②∫
X
ϕ(x)E(ν)(dx) = E(
∫
X
ϕ(x)ν(dx))✳ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥ ✐♥ ✭✷✳✸✮ ❛♥❞ ✉s✐♥❣ E(mt(ϕ)) =
0✱ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ❡q✉❛t✐♦♥ ❢♦r
∫
X ϕ(x)E(ν)(dx) ✐♥✈♦❧✈✐♥❣ t❤❡ ❡①♣❡❝t❛t✐♦♥s ♦❢ ✐♥t❡❣r❛❧s
✇✐t❤ r❡s♣❡❝t t♦ ν(dx) ♦r ν(dx)ν(dy)✳ ❚❤✐s ✐s ❛ ❝♦♠♣❧✐❝❛t❡❞ ❡q✉❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ ❛♥ ✉♥r❡s♦❧✈❡❞
❤✐❡r❛r❝❤② ♦❢ ♥♦♥❧✐♥❡❛r t❡r♠s✳ ❲r✐t✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ❢♦r E(ν(dx)ν(dy)) ✐s ❢❡❛s✐❜❧❡ ❜✉t ②✐❡❧❞s
✐♥t❡❣r❛❧s ✇✐t❤ r❡s♣❡❝t t♦ ν(dx)ν(dy)ν(dz)✱ ❛♥❞ s♦ ♦♥✳ ❲❤❡t❤❡r t❤✐s ❛♣♣r♦❛❝❤ ✐♥ ❣❡♥❡r❛❧
♠❛② ❡✈❡♥t✉❛❧❧② ❤❡❧♣ ❞❡s❝r✐❜❡ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s ✐♥ t❤❡ tr❛✐t s♣❛❝❡ ✐s st✐❧❧ ✉♥❝❧❡❛r✳
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❧♦❣✐st✐❝ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷✮ ✇❤❡r❡ d(x, ζ) =
d(x)+α(x)ζ✱ b(x, ζ) = b(x) ❛♥❞ µ(x) = 1✳ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s ✐♥ ✭✷✳✸✮ ✇✐t❤ ϕ ≡ 1 ②✐❡❧❞s✿
N(t) = N(0) +
∫ t
0
{
E
(∫
X
[b(x)− d(x)]νs(dx)
)
− E
(∫
X×X
α(x)U(x− y)νs(dx)νs(dy)
)}
ds, ✭✸✳✶✮
✇❤❡r❡ N(t) = E(I(t)) ✐s t❤❡ ✏♠❡❛♥✑ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ❛t t✐♠❡ t✳ ❚❤❡ s♣❡❝✐✜❝ ❝❛s❡ ✇❤❡r❡ b✱
d ❛♥❞ α ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ x✱ ❛♥❞ U ✐s s②♠♠❡tr✐❝❛❧ ✭❝❢✳ ▲❛✇ ❡t ❛❧✳✱ ✷✵✵✸✮✱ ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❇P❉▲ ♠♦❞❡❧ ♦❢ s♣❛t✐❛❧ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s✳ ❊q✉❛t✐♦♥ ✭✸✳✶✮ t❤❡♥ r❡❝❛sts ✐♥t♦
N˙ = (b− d)N − α
∫
Rl
U(r)Ct(dr) ✭✸✳✷✮
✇❤❡r❡ Ct ✐s ❞❡✜♥❡❞ ❛t ❛♥② t✐♠❡ t ❛s ❛ ✏s♣❛t✐❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❡❛s✉r❡✑ ✭s❡♥s✉ ❇P❉▲✮ ♦♥ Rl✱
❣✐✈❡♥ ❜② ∫
Rl
U(r)Ct(dr) = E
(∫
X×X
U(x− y)νt(dx)νt(dy)
)
. ✭✸✳✸✮
❆ ❞②♥❛♠✐❝ ❡q✉❛t✐♦♥ ❢♦r t❤✐s ❝♦✈❛r✐❛♥❝❡ ♠❡❛s✉r❡ t❤❡♥ ♦❜t❛✐♥s ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ q✉❛♥t✐t✐❡s∫
Rl
U(r)Ct(dr) ❛s ❢✉♥❝t✐♦♥s φ(ν) ✐♥ ✭✷✳✷✮✱ ❜✉t t❤❡ ❡q✉❛t✐♦♥ ✐♥✈♦❧✈❡s ♠♦♠❡♥ts ♦❢ ♦r❞❡r ✸✱
✇❤✐❝❤ ♣r❡✈❡♥ts ✏❝❧♦s✐♥❣✑ t❤❡ ♠♦❞❡❧ ♦♥ ❧♦✇❡r✲♦r❞❡r ✈❛r✐❛❜❧❡s✳ ❊✈❡♥ ✐♥ t❤❡ s✐♠♣❧❡st ♠❡❛♥✲
✜❡❧❞ ❝❛s❡ U = 1 ✱ ✇❡ ❣❡t
N˙(t) = (b− d)N(t)− αE
(∫
X×X
νt(dx)νt(dy)
)
. ✭✸✳✹✮
✶✷
❇❡❝❛✉s❡ ♦❢ t❤❡ ❡①♣❡❝t❛t✐♦♥✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ t❡r♠ ❝❛♥♥♦t ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
✜rst✲♦r❞❡r ♠♦♠❡♥t N(t)✱ ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❊q✳ ✭✸✳✹✮ ❞♦❡s ♥♦t s✐♠♣❧✐❢②✳
❊✈❡♥ ✐❢ t❤❡r❡ ✐s ♥♦ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❝❧♦s❡❞ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② E(ν)✱ ✇❡ ❛r❡ ❛❜❧❡ t♦
s❤♦✇✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t q✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt②✿ ✐❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝
♠❡❛s✉r❡ E(ν0) ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣♦♣✉❧❛t✐♦♥ ❛❞♠✐ts ❛ ❞❡♥s✐t② p0 ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡
♠❡❛s✉r❡✱ t❤❡♥ ❢♦r ❛❧❧ t ≥ 0✱ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛s✉r❡ E(νt) ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❤❛s ❛ ♣r♦❜✲
❛❜✐❧✐t② ❞❡♥s✐t② pt✳ ❚♦ s❡❡ t❤✐s✱ ❛♣♣❧② ✭✷✳✸✮ t♦ ϕ = 1A ✇❤❡r❡ A ❤❛s ③❡r♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳
❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s t❤❡♥ ②✐❡❧❞s E(
∫
X ϕ(x)νt(dx)) =
∫
AE(νt)(dx) = 0✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡
r❡q✉✐r❡❞ r❡s✉❧t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ s✐③❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛t
t✐♠❡ t ✐s N(t) = E(
∫
X νt(dx)) =
∫
X pt(x)dx✱ ❛♥❞ pt(x)dx/N(t) ❣✐✈❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
♦❜s❡r✈✐♥❣ ♦♥❡ ✐♥❞✐✈✐❞✉❛❧ ❛t t✐♠❡ t ✐♥ ❛ s♠❛❧❧ ❜❛❧❧ ❝❡♥t❡r❡❞ ✐♥ x ✇✐t❤ r❛❞✐✉s dx✳ ■♥ ♣❛rt✐❝✲
✉❧❛r✱ t❤✐s r❡s✉❧t ✐♠♣❧✐❡s t❤❛t✱ ✇❤❡♥ t❤❡ ✐♥✐t✐❛❧ tr❛✐t ❞✐str✐❜✉t✐♦♥ E(ν0) ❤❛s ♥♦ s✐♥❣✉❧❛r✐t②
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ t❤❡s❡ s✐♥❣✉❧❛r✐t✐❡s✱ s✉❝❤ ❛s ❉✐r❛❝ ♠❛ss❡s✱ ❝❛♥ ♦♥❧②
❛♣♣❡❛r ✐♥ t❤❡ ❧✐♠✐t ♦❢ ✐♥✜♥✐t❡ t✐♠❡✳
❚❤✐s ❤❛s ❜✐♦❧♦❣✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥s ♦♥ ❤♦✇ ♦♥❡ ✇♦✉❧❞ ❛♥❛❧②③❡ t❤❡ ♣r♦❝❡ss ♦❢ ♣♦♣✉❧❛t✐♦♥
❞✐✛❡r❡♥t✐❛t✐♦♥ ❛♥❞ ♣❤❡♥♦t②♣✐❝ ✏♣❛❝❦✐♥❣✑ ✭❇❡r♥st❡✐♥ ❡t ❛❧✳✱ ✶✾✽✺✮✳ ❙✉❝❤ ❛ ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧
s❤♦✉❧❞ ♥♦t ❜❡ ❡①♣❡❝t❡❞ t♦ ❝♦♥✈❡r❣❡ ✐♥ ✜♥✐t❡ t✐♠❡ t♦✇❛r❞s ♥❡❛t❧② s❡♣❛r❛t❡❞ ♣❤❡♥♦t②♣✐❝
♣❡❛❦s ✐❢ t❤❡ ❛♥❝❡str❛❧ ♣❤❡♥♦t②♣✐❝ ❞✐str✐❜✉t✐♦♥ ✐s ❡✈❡♥ s❧✐❣❤t❧② s♣r❡❛❞ ♦✉t ❛s ♦♣♣♦s❡❞ t♦
❜❡✐♥❣ ❡♥t✐r❡❧② ❝♦♥❝❡♥tr❛t❡❞ ♦♥ ❛ s❡t ♦❢ ❞✐st✐♥❝t ♣❤❡♥♦t②♣❡s✳ ❚❤✉s✱ t❤❡ ❜✐♦❧♦❣✐❝❛❧❧② r❡❧❡✈❛♥t
q✉❡st✐♦♥ t❤❛t t❤❡♦r② ♠❛② ❛❞❞r❡ss ✐s ♥♦t ✇❤❡t❤❡r ♣❛❝❦✐♥❣ ❝❛♥ ❛r✐s❡ ❢r♦♠ ❛ ❝♦♥t✐♥✉♦✉s
♣❤❡♥♦t②♣✐❝ ❞✐str✐❜✉t✐♦♥✱ ❜✉t r❛t❤❡r ✇❤❡t❤❡r ✐♥✐t✐❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✭❛♥❝❡str❛❧ ♣❤❡♥♦t②♣✐❝
♣❡❛❦s✮ ✐s ❛♠♣❧✐✜❡❞ ♦r ❜✉✛❡r❡❞ ❜② t❤❡ ❡❝♦✲❡✈♦❧✉t✐♦♥❛r② ♣r♦❝❡ss✳
✹ ▲❛r❣❡✲♣♦♣✉❧❛t✐♦♥ r❡♥♦r♠❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧✲❜❛s❡❞
♣r♦❝❡ss
❚❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥ ❛♣♣r♦❛❝❤ ♦✉t❧✐♥❡❞ ❛❜♦✈❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ ♦❢ ❛✈❡r❛❣✐♥❣ ❛ ❧❛r❣❡
♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♣r♦❝❡ss ✐♥✐t✐❛t❡❞ ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r
♦❢ ✐♥❞✐✈✐❞✉❛❧s✳ ■❢ K ❞❡♥♦t❡s t❤❡ ✐♥✐t✐❛❧ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s✱ t❛❦❡♥ ❛s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡
✏s②st❡♠ s✐③❡✑ s❡♥s✉ ▼❡t③ ❡t ❛❧✳ ✭✶✾✾✻✮✱ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ t♦ ❞❡r✐✈✐♥❣ ♠❛❝r♦s❝♦♣✐❝
♠♦❞❡❧s ✐s t♦ st✉❞② t❤❡ ❡①❛❝t ♣r♦❝❡ss ❜② ❧❡tt✐♥❣ t❤❛t s②st❡♠ s✐③❡ ❜❡❝♦♠❡ ✈❡r② ❧❛r❣❡ ❛♥❞
♠❛❦✐♥❣ s♦♠❡ ❛♣♣r♦♣r✐❛t❡ r❡♥♦r♠❛❧✐③❛t✐♦♥✳ ❙❡✈❡r❛❧ t②♣❡s ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s ❝❛♥ t❤❡♥ ❜❡
❞❡r✐✈❡❞✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss✳
❋♦r ❛♥② ❣✐✈❡♥ s②st❡♠ s✐③❡ K✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs UK ✱ VK ✱ bK ✱ dK ✱ MK ✱
µK s❛t✐s❢②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❤②♣♦t❤❡s❡s ❛♥❞ ❜❡✐♥❣ ❛❧❧ ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡✐r ❛r❣✉♠❡♥ts✳ ▲❡t νKt
❜❡ t❤❡ ❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛t t✐♠❡ t✳ ❲❡ ❞❡✜♥❡ ❛ r❡♥♦r♠❛❧✐③❡❞ ♣♦♣✉❧❛t✐♦♥
♣r♦❝❡ss (XKt )t≥0 ❜②
XKt =
1
K
νKt .
(XKt )t≥0 ✐s ❛ ♠❡❛s✉r❡✲✈❛❧✉❡❞ ▼❛r❦♦✈ ♣r♦❝❡ss✳ ❆s t❤❡ s②st❡♠ s✐③❡ K ❣♦❡s t♦ ✐♥✜♥✐t②✱ t❤❡
✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡❧s ♥❡❡❞ ❜❡ r❡♥♦r♠❛❧✐③❡❞ ❛s UK(x) = U(x)/K ❛♥❞ VK(x) = V (x)/K✳
❆ ❜✐♦❧♦❣✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤✐s r❡♥♦r♠❛❧✐③❛t✐♦♥ ✐s t❤❛t ❧❛r❣❡r s②st❡♠s ❛r❡ ♠❛❞❡ ✉♣ ♦❢
s♠❛❧❧❡r ✐♥❞✐✈✐❞✉❛❧s✱ ✇❤✐❝❤ ♠❛② ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ ✜①❡❞ ❛♠♦✉♥t ♦❢ ❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s
t♦ ❜❡ ♣❛rt✐t✐♦♥❡❞ ❛♠♦♥❣ ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤✉s✱ t❤❡ ❜✐♦♠❛ss ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ s❝❛❧❡s ❛s 1/K✱
❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡❧s ❛r❡ r❡♥♦r♠❛❧✐③❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ s♦ t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠s
✶✸
UK ∗ ν ❛♥❞ VK ∗ ν t❤❛t ❛✛❡❝t ❛♥② ❢♦❝❛❧ ✐♥❞✐✈✐❞✉❛❧ st❛② ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛s
t❤❡ t♦t❛❧ ❜✐♦♠❛ss ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✳
▼❛rt✐♥❣❛❧❡ t❤❡♦r② ❛❧❧♦✇s ♦♥❡ t♦ ❞❡s❝r✐❜❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ XK ❛s t❤❡ s✉♠ ♦❢ ❛ ❞❡t❡r♠✐♥✲
✐st✐❝ tr❛❥❡❝t♦r② ❛♥❞ ❛ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥ ♦❢ ③❡r♦ ❡①♣❡❝t❛t✐♦♥✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❜t❛✐♥s
❜② ❡q✉❛t✐♦♥s s✐♠✐❧❛r t♦ ✭✷✳✸✮ ❛♥❞ ✭✷✳✹✮✱ ✐♥ ✇❤✐❝❤ ❛❧❧ ❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞ ♦♥ K✱ ❛♥❞ t❤❡
✈❛r✐❛♥❝❡ ✭✷✳✹✮ ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣❛rt ✐s ❛❧s♦ ❞✐✈✐❞❡❞ ❜② K✳ ❉❡r✐✈✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❧✐♠✐ts
❢♦r t❤❡s❡ t✇♦ t❡r♠s ❧❡❛❞s t♦ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❝❤♦✐❝❡s ♦❢ t✐♠❡s❝❛❧❡s t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ t❤✐s
s❡❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❛t✉r❡ ✭❞❡t❡r♠✐♥✐st✐❝ ♦r st♦❝❤❛st✐❝✮ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥
❜❡ ❞❡t❡r♠✐♥❡❞ ❜② st✉❞②✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥ t❡r♠✳
✹✳✶ ▲❛r❣❡✲♣♦♣✉❧❛t✐♦♥ ❧✐♠✐t
▲❡t ✉s ❛ss✉♠❡ t❤❛t✱ ❛s K ✐♥❝r❡❛s❡s✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ XK0 =
1
K ν
K
0 ❝♦♥✈❡r❣❡s t♦ ❛
✜♥✐t❡ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛s✉r❡ ✇❤✐❝❤ ❤❛s ❛ ❞❡♥s✐t② ξ0 ✭✇❤❡♥ t❤✐s ❞♦❡s ♥♦t ❤♦❧❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts r❡♠❛✐♥ ✈❛❧✐❞✱ ❜✉t ❢r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ✈✐❡✇♣♦✐♥t t❤❡ ❧✐♠✐t ♣❛rt✐❛❧
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❤❛✈❡ t♦ ❜❡ ✉♥❞❡rst♦♦❞
✐♥ ❛ ✇❡❛❦ ♠❡❛s✉r❡✲✈❛❧✉❡❞ s❡♥s❡✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t bK = b✱ dK = d✱ µK = µ✱
MK = M ✳ ❚❤✉s✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥ ♦❢ XKt ✐s ♦❢ ♦r❞❡r 1/K✱ ❛♥❞ ✇❤❡♥
t❤❡ s②st❡♠ s✐③❡ K ❜❡❝♦♠❡s ❧❛r❣❡✱ t❤❡ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥s ✈❛♥✐s❤ ❛♥❞ t❤❡ ♣r♦❝❡ss (XKt )t≥0
❝♦♥✈❡r❣❡s ✐♥ ❧❛✇ t♦ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♠❡❛s✉r❡ ✇✐t❤ ❞❡♥s✐t② ξt s❛t✐s❢②✐♥❣ t❤❡ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥ ✇✐t❤ tr❛✐t ✈❛r✐❛❜❧❡ x ❛♥❞ t✐♠❡ ✈❛r✐❛❜❧❡ t✿
∂tξt(x) = [(1− µ(x))b(x, V ∗ ξt(x))− d(x, U ∗ ξt(x))] ξt(x)
+
∫
Rl
M(y, x− y)µ(y)b(y, V ∗ ξt(y))ξt(y)dy. ✭✹✳✶✮
❚❤✐s r❡s✉❧t r❡✲❡st❛❜❧✐s❤❡s ❑✐♠✉r❛✬s ✭✶✾✻✺✮ ❡q✉❛t✐♦♥ ✭s❡❡ ❛❧s♦ ❇ür❣❡r ✷✵✵✵✱ ♣✳ ✶✶✾✱ ❊q✳ ✭✶✳✸✮✮
❢r♦♠ ♠✐❝r♦s❝♦♣✐❝ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❝❡ss❡s✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ♦♥❧② ❜✐♦❧♦❣✐❝❛❧ ❛ss✉♠♣t✐♦♥ ♥❡❡❞❡❞
t♦ s❝❛❧❡ ✉♣ t♦ ♠❛❝r♦s❝♦♣✐❝ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ✐s t❤❛t ♦❢ ❛ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥✳ ■♠♣♦rt❛♥t❧②✱
❊q✳ ✭✹✳✶✮ ❡①t❡♥❞s ❑✐♠✉r❛✬s ♦r✐❣✐♥❛❧ ♠♦❞❡❧ t♦ t❤❡ ❝❛s❡ ♦❢ ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t s❡❧❡❝t✐♦♥✳
❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢XK t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✮ ✐s ✐❧❧✉str❛t❡❞ ❜② t❤❡ s✐♠✉❧❛t✐♦♥s s❤♦✇♥ ✐♥
❋✐❣✳ ✶ ✭❛✮✕✭❝✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✭❛❞❛♣t❡❞ ❢r♦♠ ❋♦✉r♥✐❡r ❛♥❞ ▼é❧é❛r❞✱ ✷✵✵✹✮ str♦♥❣❧②
r❡❧✐❡s ♦♥ ❛r❣✉♠❡♥ts ♦❢ t✐❣❤t♥❡ss ✐♥ ✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡s ✭❘♦❡❧❧②✱ ✶✾✽✻✮✳ ❉❡s✈✐❧❧❡tt❡s ❡t
❛❧✳ ✭✷✵✵✹✮ s✉❣❣❡st t♦ r❡❢❡r t♦ ξt ❛s t❤❡ ♣♦♣✉❧❛t✐♦♥ ✏♥✉♠❜❡r ❞❡♥s✐t②✑❀ t❤❡♥ t❤❡ q✉❛♥t✐t②
n(t) =
∫
X ξt(x)dx ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ✏t♦t❛❧ ♣♦♣✉❧❛t✐♦♥ ❞❡♥s✐t②✑ ♦✈❡r t❤❡ ✇❤♦❧❡ tr❛✐t
s♣❛❝❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ✐♥✐t✐❛❧❧② s❡❡❞❡❞ ✇✐t❤ K ✐♥❞✐✈✐❞✉❛❧s✱ Kn(t)
❛♣♣r♦①✐♠❛t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❛❧✐✈❡ ❛t t✐♠❡ t✱ ❛❧❧ t❤❡ ♠♦r❡ ❝❧♦s❡❧② ❛s K ✐s ❧❛r❣❡r✳
❚❤❡ ❝❛s❡ ♦❢ ❧♦❣✐st✐❝ ❞❡♥s✐t②✲❞❡♣❡♥❞❡♥❝❡ ✇✐t❤ ❝♦♥st❛♥t r❛t❡s b✱ d✱ α ❧❡❛❞s t♦ ❛♥ ✐♥t❡r❡st✐♥❣
❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ✭❝❢✳ ❙❡❝t✐♦♥ ✸✮✳ ❚❤❡♥ ✭✹✳✶✮ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥
♦♥ n(t)✿
n˙ = (b− d)n− α
∫
X×X
U(x− y)ξt(x)dxξt(y)dy. ✭✹✳✷✮
■♥ t❤❡ ♠❡❛♥✲✜❡❧❞ ❝❛s❡ U ≡ 1✱ t❤❡ tr❛✐t x ❜❡❝♦♠❡s ❝♦♠♣❧❡t❡❧② ♥❡✉tr❛❧✱ ❛♥❞ t❤❡ ♣♦♣✉❧❛t✐♦♥
❞②♥❛♠✐❝s ❛r❡ ♥♦t ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ♠✉t❛t✐♦♥ ❞✐str✐❜✉t✐♦♥ ❛♥②♠♦r❡ ✖ t❤❡② ❛r❡ ❞r✐✈❡♥
s✐♠♣❧② ❜② t❤❡ ❝❧❛ss✐❝❛❧ ❧♦❣✐st✐❝ ❡q✉❛t✐♦♥ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤✿
n˙ = (b− d)n− αn2. ✭✹✳✸✮
✶✹
❈♦♠♣❛r✐♥❣ ✭✹✳✸✮ ✇✐t❤ t❤❡ ✜rst✲♠♦♠❡♥t ❡q✉❛t✐♦♥ ✭✸✳✹✮ ❡♠♣❤❛s✐③❡s t❤❡ ✏❞❡❝♦rr❡❧❛t✐✈❡✑ ❡✛❡❝t
♦❢ t❤❡ ❧❛r❣❡ s②st❡♠ s✐③❡ r❡♥♦r♠❛❧✐③❛t✐♦♥✿ ✐♥ t❤❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥ ♠♦❞❡❧ ✭✸✳✹✮ t❤❛t ❛ss✉♠❡s
✜♥✐t❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡✱ t❤❡ ❝♦rr❡❝t✐♦♥ t❡r♠ ❝❛♣t✉r✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ❝♦rr❡❧❛t✐♦♥s ♦❢ ♣♦♣✉❧❛t✐♦♥
s✐③❡ ❛❝r♦ss t❤❡ tr❛✐t s♣❛❝❡ r❡♠❛✐♥s✱ ❡✈❡♥ ✐❢ ♦♥❡ ❛ss✉♠❡s U ≡ 1✳
✹✳✷ ▲❛r❣❡✲♣♦♣✉❧❛t✐♦♥ ❧✐♠✐t ✇✐t❤ ❛❝❝❡❧❡r❛t❡❞ ❜✐rt❤s ❛♥❞ ❞❡❛t❤s
❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❧✐♠✐t ♦❜t❛✐♥❡❞ ✇❤❡♥ ❧❛r❣❡ s②st❡♠ s✐③❡ ✐s ❝♦♠❜✐♥❡❞ ✇✐t❤
❛❝❝❡❧❡r❛t❡❞ ❜✐rt❤ ❛♥❞ ❞❡❛t❤✳ ❚❤✐s ♠❛② ❜❡ ✉s❡❢✉❧ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ q✉❛❧✐t❛t✐✈❡ ❞✐✛❡r❡♥❝❡s
♦❢ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❛❝r♦ss ♣♦♣✉❧❛t✐♦♥s ✇✐t❤ ❛❧❧♦♠❡tr✐❝ ❞❡♠♦❣r❛♣❤✐❡s✿ ❧❛r❣❡r ♣♦♣✉✲
❧❛t✐♦♥s ♠❛❞❡ ✉♣ ♦❢ s♠❛❧❧❡r ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤✐s ❧❡❛❞s ✐♥ t❤❡ ❧✐♠✐t t♦ s②st❡♠s ✐♥ ✇❤✐❝❤ t❤❡
♦r❣❛♥✐s♠s ❤❛✈❡ s❤♦rt ❧✐✈❡s ❛♥❞ r❡♣r♦❞✉❝❡ ❢❛st ✇❤✐❧❡ t❤❡✐r ❝♦❧♦♥✐❡s ♦r ♣♦♣✉❧❛t✐♦♥s ❣r♦✇t❤
♦r ❞❡❝❧✐♥❡ ♦♥ ❛ s❧♦✇ t✐♠❡s❝❛❧❡✳ ❚❤✐s ❛♣♣❧✐❡s t②♣✐❝❛❧❧② t♦ ♠✐❝r♦♦r❣❛♥✐s♠s✱ ❡✳❣✳ ❜❛❝t❡r✐❛
❛♥❞ ♣❧❛♥❦t♦♥✱ ✐♥❝❧✉❞✐♥❣ ♠❛♥② ♣❛t❤♦❣❡♥s ✇✐t❤✐♥ t❤❡✐r ❤♦sts✳ ❨♦s❤✐❞❛ ❡t ❛❧✳ ✭✷✵✵✸✮ ❤❛✈❡
♣r♦✈✐❞❡❞ str✐❦✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ❢♦r r❛♣✐❞ ❡✈♦❧✉t✐♦♥❛r② ❝❤❛♥❣❡s t❛❦✐♥❣ ♣❧❛❝❡ ❞✉r✐♥❣
❧♦♥❣ ❡❝♦❧♦❣✐❝❛❧ ❝②❝❧❡s✱ ❛♥❞ ❚❤♦♠♣s♦♥ ✭✶✾✾✽✮ ❛♥❞ ❍❛✐rst♦♥ ❡t ❛❧✳ ✭✷✵✵✺✮ ❤❛✈❡ ❡♠♣❤❛s✐③❡❞
t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❝♦♥✈❡r❣❡♥t ❡❝♦❧♦❣✐❝❛❧ ❛♥❞ ❡✈♦❧✉t✐♦♥❛r② t✐♠❡ t♦ ✉♥❞❡rst❛♥❞ t❡♠♣♦r❛❧
❞②♥❛♠✐❝s ✐♥ ❡❝♦❧♦❣✐❝❛❧ s②st❡♠s✳
❋♦r ♠❛t❤❡♠❛t✐❝❛❧ s✐♠♣❧✐❝✐t②✱ t❤❡ tr❛✐t s♣❛❝❡ X ✐s ❛ss✉♠❡❞ ❤❡r❡ t♦ ❜❡ t❤❡ ✇❤♦❧❡ Rl✳
❚❤❡ ❜♦✉♥❞❡❞♥❡ss ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ r❛t❡s d✱ b✱ ❛♥❞ ♦♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❦❡r♥❡❧ U ✭s❡❡
❙❡❝t✐♦♥ ✷✮ ❛r❡ ♠❛✐♥t❛✐♥❡❞✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s ❛t
❛ r❛t❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ Kη ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ t❤❡ ❞❡♠♦❣r❛♣❤✐❝ ❜❛❧❛♥❝❡❀ t❤❛t ✐s✱ t❤❡ ❞❡♥s✐t②✲
❞❡♣❡♥❞❡♥t ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s s❝❛❧❡ ✇✐t❤ s②st❡♠ s✐③❡ ❛❝❝♦r❞✐♥❣ t♦ bK(x, ζ) = Kηr(x) +
b(x, ζ) ❛♥❞ dK(x, ζ) = Kηr(x) + d(x, ζ)❀ ❤❡♥❝❡ bK(x, ζ) − dK(x, ζ) ✐s ✉♥❝❤❛♥❣❡❞✱ ❡q✉❛❧
t♦ b(x, ζ) − d(x, ζ)✳ ❚❤❡ ❛❧❧♦♠❡tr✐❝ ❡✛❡❝t ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞
❢✉♥❝t✐♦♥ r(x) ❛♥❞ t❤❡ ❝♦♥st❛♥t η❀ r(x) ♠❡❛s✉r❡s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❜✐rt❤ ♣r♦❝❡ss t♦ t❤❡
♣❤❡♥♦t②♣✐❝ ✈❛r✐❛❜✐❧✐t② ♦♥ t❤❡ ♥❡✇ t✐♠❡s❝❛❧❡ Kη✳ ❆s ❜❡❢♦r❡ ✭❝❢✳ ❙❡❝t✐♦♥ ✹✳✶✮✱ t❤❡ ✐♥t❡r❛❝t✐♦♥
❦❡r♥❡❧s U ❛♥❞ V ❛r❡ r❡♥♦r♠❛❧✐③❡❞ ❜② K✳ ❚✇♦ ✐♥t❡r❡st✐♥❣ ❝❛s❡s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡❛❢t❡r✱
✐♥ ✇❤✐❝❤ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♠✉t❛t✐♦♥ ❡✛❡❝t µKMK ✐s ♦❢ ♦r❞❡r 1/Kη✳ ❚❤❛t ✇✐❧❧ ❡♥s✉r❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❛rt ✐♥ ✭✷✳✸✮✳ ■♥ t❤❡ ❧❛r❣❡✲♣♦♣✉❧❛t✐♦♥ r❡♥♦r♠❛❧✐③❛t✐♦♥
✭❙❡❝t✐♦♥ ✹✳✶✮✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✢✉❝t✉❛t✐♦♥s ❛r♦✉♥❞ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ tr❛❥❡❝t♦r② ✇❛s ♦❢ ♦r❞❡r
1/K✳ ❍❡r❡✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ✢✉❝t✉❛t✐♦♥s ✐s ♦❢ ♦r❞❡r Kη × 1/K✱ ❛♥❞ ❤❡♥❝❡ st❛②s ✜♥✐t❡
♣r♦✈✐❞❡❞ t❤❛t η ∈ (0, 1]✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ tr❛❝t❛❜❧❡ ❧✐♠✐ts ✇✐❧❧ ❡♥s✉❡✳ ■❢ η < 1✱ t❤❡ ✈❛r✐❛♥❝❡
✐s ③❡r♦ ❛♥❞ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧ ♦❜t❛✐♥s✳ ■❢ η = 1✱ t❤❡ ✈❛r✐❛♥❝❡ ❞♦❡s ♥♦t ✈❛♥✐s❤ ❛♥❞
t❤❡ ❧✐♠✐t ♠♦❞❡❧ ✐s st♦❝❤❛st✐❝✳ ❚❤❡s❡ t✇♦ ❝❛s❡s ❛r❡ ✐❧❧✉str❛t❡❞ ❜② t❤❡ s✐♠✉❧❛t✐♦♥s s❤♦✇♥ ✐♥
❋✐❣✳ ✷ ✭❛✮✕✭❞✮✳
✹✳✷✳✶ ❆❝❝❡❧❡r❛t❡❞ ♠✉t❛t✐♦♥s ❛♥❞ s♠❛❧❧ ♠✉t❛t✐♦♥ st❡♣s
❲❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❛t t❤❡ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② ✐s ✜①❡❞ ✭µK = µ✮✱ s♦ t❤❛t ♠✉t❛t✐♦♥s ❛r❡
❛❝❝❡❧❡r❛t❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛❝❝❡❧❡r❛t✐♥❣ ❜✐rt❤✱ ✇❤✐❧❡ ❛ss✉♠✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧ st❡♣s✿ t❤❡
♠✉t❛t✐♦♥ ❦❡r♥❡❧MK(x, z) ✐s t❤❡ ❞❡♥s✐t② ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ✈❛r✐❛♥❝❡✲
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ(x)/Kη ✭✇❤❡r❡ Σ(x) = (Σij(x))1≤i,j≤l✮ ✭s❡❡ t❤❡ ❛♣♣❡♥❞✐① ❢♦r t❡❝❤♥✐❝❛❧
❛ss✉♠♣t✐♦♥s ♦♥ Σ✮✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ❞❡♥s✐t② MK(x, z) ✐s t❛❦❡♥ ❛s t❤❡
❞❡♥s✐t② ♦❢ ❛ ❝❡♥t❡r❡❞ ✈❡❝t♦r ✭❞✐♠❡♥s✐♦♥ l✮ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡s ✇✐t❤ ♠❡❛♥ 0
✶✺
❛♥❞ ✈❛r✐❛♥❝❡ σ2K(x) = σ
2(x)/Kη✿
MK(x, z) =
(
Kη
2πσ2(x)
)l/2
exp[−Kη|z|2/2σ2(x)], ✭✹✳✹✮
✇❤❡r❡ σ2(x) ✐s ♣♦s✐t✐✈❡ ❛♥❞ σ
√
rµ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ❜♦✉♥❞❡❞ ♦✈❡r Rl
❛♥❞ ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ✵✳ ❚❤✉s✱ ✐♥ ❧❛r❣❡r s②st❡♠s ✭❧❛r❣❡r K✮✱ t❤❡ ♣❤❡♥♦t②♣✐❝ ❝❤❛♥❣❡s
❛✛❡❝t✐♥❣ ♠✉t❛♥ts✱ ❛s ♠❡❛s✉r❡❞ ✐♥ t❤❡ ✉♥❝❤❛♥❣❡❞ tr❛✐t s♣❛❝❡✱ ❛r❡ s♠❛❧❧❡r✳
▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ XK0 =
1
K ν
K
0 ❝♦♥✈❡r❣❡s t♦ ❛ ✜♥✐t❡ ♠❡❛s✉r❡
ξ0✳ ❲❤❡♥ η < 1✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XK)K∈N∗ ❝♦♥✈❡r❣❡s ❛s
K ✐♥❝r❡❛s❡s t♦ ❛ ✇❡❛❦ ♠❡❛s✉r❡✲✈❛❧✉❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥
∂tξt(x) = [b(x, V ∗ ξt(x))− d(x, U ∗ ξt(x))]ξt(x) + 1
2
∆(σ2rµξt)(x). ✭✹✳✺✮
❚❤✐s ♣r♦✈✐❞❡s ❛ ♥❡✇ ❡①t❡♥s✐♦♥ t♦ ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ❋✐s❤❡r r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✇❛s ❦♥♦✇♥ ❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❑✐♠✉r❛✬s ❡q✉❛t✐♦♥ ❢♦r s♠❛❧❧
♠✉t❛t✐♦♥ ❡✛❡❝ts ✭❑✐♠✉r❛✱ ✶✾✻✺✮✳ ❚❤❡ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❛r❡ ♠♦♥✐t♦r❡❞ ♦✈❡r t❤❡ ❞❡✲
♠♦❣r❛♣❤✐❝ t✐♠❡s❝❛❧❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s t❤❡ t✐♠❡s❝❛❧❡ ♦✈❡r
✇❤✐❝❤ ❵t②♣✐❝❛❧✬ ❡♣✐s♦❞❡s ♦❢ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤ ♦r ❞❡❝❧✐♥❡✱ ❛s ♠❡❛s✉r❡❞ ❜② b(x, ζ)− d(x, ζ)✱
t❛❦❡ ♣❧❛❝❡✳ ❚❤❡ ❵t②♣✐❝❛❧✬ ❛♠♦✉♥t ♦❢ ♣♦♣✉❧❛t✐♦♥ ♣❤❡♥♦t②♣✐❝ ❝❤❛♥❣❡ ❣❡♥❡r❛t❡❞ ❜② ♠✉t❛t✐♦♥
♣❡r ✉♥✐t t✐♠❡ ✐s bKµKσ2Kξt = µ(K
ηr + b)(σ2/Kη)ξt ≈ µrσ2ξt✳ ❚❤✐s r❛t❡ ✐♥❞❡❡❞ ❛♣♣❡❛rs
✐♥ t❤❡ ▲❛♣❧❛❝✐❛♥ ❞✐✛✉s✐♦♥ t❡r♠ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❇r♦✇♥✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
♠✉t❛t✐♦♥ ♣r♦❝❡ss ✭❊✇❡♥s✱ ✷✵✵✹✮✳
❲❤❡♥ η = 1✱ t❤❡ r❡s❝❛❧✐♥❣ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❧❡❛❞✐♥❣ ❢r♦♠ ❛ ❜r❛♥❝❤✐♥❣ r❛♥❞♦♠
✇❛❧❦ t♦ ❛ s✉♣❡r♣r♦❝❡ss ✭❉②♥❦✐♥✱ ✶✾✾✶✮ ❛♥❞ ❛♥ ❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥t ❣✐✈❡s r✐s❡ t♦ ❛ ✭r❛♥✲
❞♦♠✮ ♠❡❛s✉r❡✲✈❛❧✉❡❞ ♣r♦❝❡ss ❛s ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧✳ ■♥❞❡❡❞✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s
(XK)K∈N∗ ❝♦♥✈❡r❣❡s ❛s K ✐♥❝r❡❛s❡s t♦ ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss (Xt)t≥0 ✇❤❡r❡ X0 = ξ0 ❛♥❞
Xt ✐s ❛ ✜♥✐t❡ ♠❡❛s✉r❡ ✇❤✐❝❤ ✐s ❢♦r♠❛❧❧② ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥
∂tXt(x) = [b(x, V ∗Xt(x))− d(x, U ∗Xt(x))]Xt(x) + 1
2
∆(σ2rµXt)(x)
+
√
2r(x)Xt(x)W˙ . ✭✹✳✻✮
❍❡r❡ W˙ ✐s t❤❡ s♦✲❝❛❧❧❡❞ s♣❛❝❡✲t✐♠❡ ✇❤✐t❡ ♥♦✐s❡ ✭❲❛❧s❤✱ ✶✾✽✹✮✳ ❚❤✐s t❡r♠ ❝❛♣t✉r❡s t❤❡ ❡❢✲
❢❡❝t ♦❢ ❞❡♠♦❣r❛♣❤✐❝ st♦❝❤❛st✐❝✐t② ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ❵s✉♣❡r ❢❛st✬ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss ✭✐✳❡✳
✇✐t❤ η = 1✮✳ ❚❤❡ ♠❡❛s✉r❡✲✈❛❧✉❡❞ ♣r♦❝❡ss X ✐s ❝❛❧❧❡❞ s✉♣❡r♣r♦❝❡ss ❛♥❞ ❛♣♣❡❛rs ❛s ❛ ❣❡♥✲
❡r❛❧✐③❛t✐♦♥ ♦❢ ❊t❤❡r✐❞❣❡✬s ✭✷✵✵✹✮ s✉♣❡r♣r♦❝❡ss ♠♦❞❡❧ ❢♦r s♣❛t✐❛❧❧② str✉❝t✉r❡❞ ♣♦♣✉❧❛t✐♦♥s✳
❍❡r❡ ❛❣❛✐♥✱ t❤❡ ▲❛♣❧❛❝✐❛♥ ❞✐✛✉s✐♦♥ t❡r♠ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❇r♦✇♥✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
t❤❡ ♠✉t❛t✐♦♥ ♣r♦❝❡ss ✭❊✇❡♥s✱ ✷✵✵✹✮✳ ❚❤✐s s♣❡❝✐✜❝ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s r❡❝♦✈❡r❡❞ ❜❡❝❛✉s❡ ♦❢
t❤❡ ❛♣♣r♦♣r✐❛t❡ t✐♠❡ r❡s❝❛❧✐♥❣ ✇❤❡♥ ♠❛❦✐♥❣ ♠✉t❛t✐♦♥s s♠❛❧❧❡r ❛♥❞ ♠♦r❡ ❢r❡q✉❡♥t✳
❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ❝♦♥✈❡r❣❡♥❝❡s ♠❛❦❡s ✉s❡ ♦❢ t❡❝❤♥✐q✉❡s ✈❡r② s✐♠✐❧❛r t♦ t❤♦s❡ ✉s❡❞
✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ r❡s✉❧ts t❤❛t ❛r❡
s♣❡❝✐✜❝ t♦ s✉♣❡r♣r♦❝❡ss❡s ✭❊✈❛♥s ❛♥❞ P❡r❦✐♥s✱ ✶✾✾✹✮ ✐♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ ✉♥✐q✉❡♥❡ss ♦❢
t❤❡ ❧✐♠✐t ♣r♦❝❡ss✳ ❇♦t❤ ♣r♦♦❢s ❛r❡ ❡①♣♦✉♥❞❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✱ ❢♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ t❤❡
♠✉t❛t✐♦♥ ❦❡r♥❡❧ ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ(x)Kη ✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❡♥❡r❛❧ r❡s✉❧ts ❝❛♥ ❜❡
✶✻
st❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❤❡♥ η < 1✱ t❤❡ ♣r♦❝❡ss XK ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❞❡t❡r♠✐♥✐st✐❝ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✿
∂tξt(x) = [b(x, V ∗ ξt(x))− d(x, U ∗ ξt(x))]ξt(x) + 1
2
∑
1≤i,j≤l
∂2ij(rµΣijξt)(x), ✭✹✳✼✮
✇❤❡r❡ ∂2ijf ❞❡♥♦t❡s t❤❡ s❡❝♦♥❞✲♦r❞❡r ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ f ✇✐t❤ r❡s♣❡❝t t♦ xi ❛♥❞ xj
✭x = (x1, . . . , xd)✮✳ ❲❤❡♥ η = 1✱ t❤❡ ❧✐♠✐t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥✿
∂tXt(x) = [b(x, V ∗Xt(x))− d(x, U ∗Xt(x))]Xt(x) + 1
2
∑
1≤i,j≤l
∂2ij(rµΣijXt)(x)
+
√
2r(x)Xt(x)W˙ . ✭✹✳✽✮
❚❤❡ s✐♠✉❧❛t✐♦♥s ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣s✳ ✷ ✭❝✮✕✭❞✮✱ ❝♦♠♣❛r❡❞ ✇✐t❤ ❋✐❣✳ ✷ ✭❛✮✱ ❣✐✈❡ ❛ ✢❛✈♦r ♦❢
t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❞②♥❛♠✐❝s t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❝❡ss ❝❛♥ ❣❡♥❡r❛t❡ ✉♥❞❡r t❤❡ ❝♦♥❞✐✲
t✐♦♥s ❧❡❛❞✐♥❣ t♦ t❤❡ s✉♣❡r♣r♦❝❡ss ♠♦❞❡❧s ✭✹✳✻✮ ♦r ✭✹✳✽✮✳ ❚✇♦ ❞✐st✐♥❝t✐✈❡ ❢❡❛t✉r❡s ❛r❡ t❤❡
✜♥❡ ❜r❛♥❝❤✐♥❣ str✉❝t✉r❡ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥❛r② ♣❛tt❡r♥✱ ❛♥❞ t❤❡ ✇✐❞❡ ✢✉❝t✉❛t✐♦♥s ✐♥ ♣♦♣✲
✉❧❛t✐♦♥ s✐③❡ t❤❛t ♦❝❝✉r ✐♥ ♣❛r❛❧❧❡❧✳ ■♥ ❢❛❝t✱ r❡♣❧✐❝❛t❡❞ s✐♠✉❧❛t✐♦♥s s❤♦✇ t❤❛t t❤❡ s②st❡♠
♦❢t❡♥ ✉♥❞❡r❣♦ r❛♣✐❞ ❡①t✐♥❝t✐♦♥ ✭❋✐❣✳ ✷ ✭❞✮✮✳ ❚❤❡ r❡s✉❧ts ♦❢ ♦✉r s✐♠✉❧❛t✐♦♥s s✉❣❣❡st t❤❛t
t❤❡ s✉♣❡r ❢❛st t✐♠❡s❝❛❧❡ ✐♥✈♦❧✈❡❞ ❤❡r❡ ✐s ❛ ❣❡♥❡r❛❧ ❝❛✉s❡ ❢♦r ❝♦♠♣❧❡① ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s
♦♥ t❤❡ ❞❡♠♦❣r❛♣❤✐❝ t✐♠❡s❝❛❧❡ ❛♥❞ ❢♦r ❡①t✐♥❝t✐♦♥ ❞r✐✈❡♥ ❜② t❤❡ ❥♦✐♥t ❡❝♦❧♦❣✐❝❛❧ ❛♥❞ ❡✈♦❧✉✲
t✐♦♥❛r② ♣r♦❝❡ss❡s✱ ✇❤✐❝❤ ✐s ❣❡r♠❛♥❡ t♦ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ ❡✈♦❧✉t✐♦♥❛r② s✉✐❝✐❞❡ ❞❡s❝r✐❜❡❞
✐♥ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s t❤❡♦r② ✭❉❡r❝♦❧❡ ❡t ❛❧✳✱ ✷✵✵✷❀ ❋❡rr✐èr❡ ❡t ❛❧✳✱ ✷✵✵✷❀ ❉✐❡❝❦♠❛♥♥ ❛♥❞
❋❡rr✐èr❡✱ ✷✵✵✹✮❀ t❤✐s ♠❛② ❜❡ ❧❛r❣❡❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❡❝♦❧♦❣✐❝❛❧ ❞❡t❛✐❧s ♦❢ t❤❡ s②st❡♠✳
❚❤✐s ❝♦♥❥❡❝t✉r❡ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ ♦❢ ❛❧♠♦st s✉r❡ ❡①t✐♥❝t✐♦♥ ♦❜t❛✐♥❡❞
❜② ❊t❤❡r✐❞❣❡ ✭✷✵✵✹✮ ✐♥ ❤❡r st✉❞② ♦❢ ❛ r❡❧❛t❡❞ s✉♣❡r♣r♦❝❡ss ❞❡s❝r✐❜✐♥❣ s♣❛t✐❛❧ ♣♦♣✉❧❛t✐♦♥
❞②♥❛♠✐❝s✳
✹✳✷✳✷ ❘❛r❡ ♠✉t❛t✐♦♥s
❍❡r❡✱ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ❞❡♥s✐t② M ✐s ❦❡♣t ❝♦♥st❛♥t✱ ✇❤✐❧❡ t❤❡ ♠✉t❛t✐♦♥ r❛t❡ ✐s ❞❡❝❡❧❡r❛t❡❞
♣r♦♣♦rt✐♦♥❛❧❧② t♦ 1/Kη✿ µK = µ/Kη✳ ❚❤✉s ♦♥❧② ❜✐rt❤s ✇✐t❤♦✉t ♠✉t❛t✐♦♥ ❛r❡ ❛❝❝❡❧❡r❛t❡❞✳
❆s ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶✱ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧ ❦❡❡♣s tr❛❝❦ ♦❢ t❤❡ ♣❤❡♥♦t②♣✐❝ ❞✐str✐❜✉t✐♦♥ ♦✈❡r
t❤❡ ♣♦♣✉❧❛t✐♦♥ ❞❡♠♦❣r❛♣❤✐❝ t✐♠❡s❝❛❧❡✱ ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ❤❡r❡ ✇✐t❤ t❤❡ ♠✉t❛t✐♦♥ t✐♠❡s❝❛❧❡✳
❆❣❛✐♥✱ t❤❡ ❧✐♠✐t ♠♦❞❡❧ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥✐st✐❝ ♦r st♦❝❤❛st✐❝✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ ❛❧❧♦✲
♠❡tr✐❝ ♣❛r❛♠❡t❡r η ✐s ❧❡ss t❤❛♥ ✶ ♦r ❡q✉❛❧ t♦ ✶✱ r❡s♣❡❝t✐✈❡❧②✳
▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ XK0 =
1
K ν
K
0 ❝♦♥✈❡r❣❡s t♦ t❤❡ ✜♥✐t❡ ♠❡❛s✉r❡
✇✐t❤ ❞❡♥s✐t② ξ0✳ ❲❤❡♥ η < 1✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XK)K∈N∗ ❝♦♥✈❡r❣❡s✱ ❛s K
✐♥❝r❡❛s❡s✱ t♦ ❛ ♠❡❛s✉r❡✲✈❛❧✉❡❞ ♣r♦❝❡ss ✇✐t❤ ❞❡♥s✐t② ξt s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡t❡r♠✐♥✐st✐❝
♥♦♥❧✐♥❡❛r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿
∂tξt(x) = [b(x, V ∗ ξt(x))− d(x, U ∗ ξt(x))]ξt(x) +
∫
Rl
M(y, x− y)µ(y)r(y)ξt(y)dy. ✭✹✳✾✮
❚❤✐s ❡q✉❛t✐♦♥ ✐s s✐♠✐❧❛r t♦ ✭✹✳✶✮✱ ✇❤❡r❡ t❤❡ ❛❧❧♦♠❡tr✐❝ ❡✛❡❝t r❛t❡ r ❛♣♣❡❛rs ✐♥ ❧✐❡✉ ♦❢ t❤❡
❜✐rt❤ r❛t❡ b ✐♥ t❤❡ ♠✉t❛t✐♦♥ t❡r♠❀ t❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ♣❡r ❝❛♣✐t❛ ♠✉t❛t✐♦♥ r❛t❡ ✐s ❡q✉❛❧ t♦
✶✼
µKbK = (µ/K
η)(Kηr + b) ≈ µr✱ ✇❤✐❧❡ t❤❡ ♠✉t❛t✐♦♥ st❡♣ ❞❡♥s✐t② ✐s ❦❡♣t ❝♦♥st❛♥t✳ ❙✐♠✉✲
❧❛t✐♦♥s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❝❡ss ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ❧❡❛❞✐♥❣ t♦ t❤✐s ♠♦❞❡❧ ❛r❡ s❤♦✇♥ ✐♥
❋✐❣✳ ✷ ✭❜✮✳ ❲❤❡♥ η = 1✱ ✇❡ ♦❜t❛✐♥✱ ❜② ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥✈♦❧✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶✱
t❤❛t t❤❡ ❧✐♠✐t ♠♦❞❡❧ ✐s ❛ ♠❡❛s✉r❡✲✈❛❧✉❡❞ ✭r❛♥❞♦♠✮ ♣r♦❝❡ss✱ ✇❤✐❝❤ ♦❜t❛✐♥s ❛s ✇❡❛❦ s♦❧✉t✐♦♥
♦❢ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
∂tXt(x) = [b(x, V ∗Xt(x))− d(x, U ∗Xt(x))]Xt(x) +
∫
Rl
M(y, x− y)µ(y)r(y)Xt(dy)
+
√
2r(x)Xt(x)W˙ ✭✹✳✶✵✮
✇❤❡r❡ W˙ ✐s ❛ s♣❛❝❡✲t✐♠❡ ✇❤✐t❡ ♥♦✐s❡✳
❊q✉❛t✐♦♥s ✭✹✳✾✮ ❛♥❞ ✭✹✳✶✵✮ ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ ❧✐♠✐t ♦❢ r❛r❡ ♠✉t❛t✐♦♥s✱ ✇✐t❤ ❛❝❝❡❧❡r❛t❡❞
❜✐rt❤ ❛♥❞ ❞❡❛t❤✱ ♦♥ ❛ t✐♠❡s❝❛❧❡ s✉❝❤ t❤❛t t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠✉t❛✲
t✐♦♥ r❛t❡ r❡♠❛✐♥s ❝♦♥st❛♥t✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥
♣r♦❝❡ss ✐♥ ❛ ❧✐♠✐t ♦❢ r❛r❡ ♠✉t❛t✐♦♥s ❛♥❞ ❛❝❝❡❧❡r❛t❡❞ ❜✐rt❤ ❛♥❞ ❞❡❛t❤✱ ♦♥ ❛♥ ❡✈❡♥ ❧♦♥❣❡r
t✐♠❡s❝❛❧❡✱ s✉❝❤ t❤❛t t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ t♦t❛❧ ♠✉t❛t✐♦♥ r❛t❡ ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥
r❡♠❛✐♥s ❝♦♥st❛♥t✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ♦❢ ❡①tr❡♠❡❧② r❛r❡ ♠✉t❛t✐♦♥s ❧❡❛❞s t♦ ❛ ❞✐✛❡r❡♥t ❝❧❛ss
♦❢ st♦❝❤❛st✐❝ ♠♦❞❡❧s ✇❤✐❝❤ ✇✐❧❧ ♣r♦✈✐❞❡ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s ♦♥ ❛ s❧♦✇
❡✈♦❧✉t✐♦♥❛r② t✐♠❡s❝❛❧❡✳
✺ ❘❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦♥♦♠♦r♣❤✐❝ ♣r♦❝❡ss ❛♥❞ ❛❞❛♣t✐✈❡
❞②♥❛♠✐❝s
▼❡t③ ❡t ❛❧✳ ✭✶✾✾✻✮ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛♥ ❛s②♠♣t♦t✐❝ ♦❢ r❛r❡ ♠✉t❛t✐♦♥s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣r♦✲
❝❡ss ♦❢ ❛❞❛♣t✐✈❡ ❡✈♦❧✉t✐♦♥ ✇✐t❤ ❛ ♠♦♥♦♠♦r♣❤✐❝ ❥✉♠♣ ♣r♦❝❡ss✳ ❚❤❡ ❥✉♠♣ ♣r♦❝❡ss ❞❡s❝r✐❜❡s
❡✈♦❧✉t✐♦♥❛r② tr❛❥❡❝t♦r✐❡s ❛s tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡s ❞❡✈❡❧♦♣✐♥❣ ♦✈❡r t❤❡ t✐♠❡s❝❛❧❡ ♦❢
♠✉t❛t✐♦♥s✳ ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇ ✭✶✾✾✻✮ ❤❛✈❡ ❢✉rt❤❡r ✐♥tr♦❞✉❝❡❞ ✐♥❣❡♥✐♦✉s ❤❡✉r✐st✐❝s t♦
❛❝❤✐❡✈❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❥✉♠♣ ♣r♦❝❡ss✱ s♦❧✉t✐♦♥ t♦ t❤❡ s♦✲❝❛❧❧❡❞ ❝❛♥♦♥✲
✐❝❛❧ ❡q✉❛t✐♦♥ ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s✳ ▼❡t③ ❡t ❛❧✳✬s ♥♦t✐♦♥ ♦❢ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡s ❛♥❞
❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇✬s ❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥ ❢♦r♠ t❤❡ ❝♦r❡ ♦❢ t❤❡ ❝✉rr❡♥t t❤❡♦r② ♦❢ ❛❞❛♣t✐✈❡
❞②♥❛♠✐❝s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ tr❛✐t s✉❜st✐t✉✲
t✐♦♥ s❡q✉❡♥❝❡ ❥✉♠♣ ♣r♦❝❡ss ❢r♦♠ t❤❡ ✐♥❞✐✈✐❞✉❛❧✲❜❛s❡❞ ♠♦❞❡❧ ✐♥✐t✐❛t❡❞ ✇✐t❤ ❛ ♠♦♥♦♠♦r♣❤✐❝
❛♥❝❡str❛❧ ❝♦♥❞✐t✐♦♥✳ ❖✉r ❞❡r✐✈❛t✐♦♥ ❡♠♣❤❛s✐③❡s ❤♦✇ t❤❡ ♠✉t❛t✐♦♥ s❝❛❧✐♥❣ s❤♦✉❧❞ ❝♦♠♣❛r❡
t♦ t❤❡ s②st❡♠ s✐③❡ ✭K✮ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❝♦rr❡❝t t✐♠❡s❝❛❧❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ ♠✉t❛♥t
✐♥✈❛s✐♦♥ ❡✈❡♥ts ✭t❛❦✐♥❣ ♣❧❛❝❡ ♦♥ ❛ s❤♦rt t✐♠❡s❝❛❧❡✮ ❛♥❞ ♠✉t❛t✐♦♥ ♦❝❝✉rr❡♥❝❡s ✭❞❡✜♥✐♥❣ t❤❡
❡✈♦❧✉t✐♦♥❛r② t✐♠❡s❝❛❧❡✮✳ ◆❡①t ✇❡ r❡❝♦✈❡r ❛ ❣❡♥❡r❛❧✐③❡❞ ❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥ ❛s ❛♥ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ♦❢ t❤❡ ❥✉♠♣ ♣r♦❝❡ss ✐♥ ❛♥ ❛s②♠♣t♦t✐❝ ♦❢ s♠❛❧❧ ♠✉t❛t✐♦♥ st❡♣s✳ ❲❡ ❛❧s♦ ♣r♦♣♦s❡
❛ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❥✉♠♣ ♣r♦❝❡ss ✇❤✐❝❤ ❛❧❧♦✇s ♦♥❡ t♦ st✉❞② t❤❡ t✐♠❡s❝❛❧❡ ♦♥
✇❤✐❝❤ ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ❢♦r ❛♥ ❡✈♦❧✉t✐♦♥❛r② tr❛❥❡❝t♦r② ❝❛♥ ♦❝❝✉r✱ ♣r♦✈✐❞✐♥❣
✐♥s✐❣❤ts ✐♥t♦ ♣❛tt❡r♥s ♦❢ ♠❛❝r♦❡✈♦❧✉t✐♦♥❛r② ❝❤❛♥❣❡ ✭❢♦r r❡❧❛t❡❞ t❤❡♦r❡t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✱
s❡❡ ❘❛♥❞ ❛♥❞ ❲✐❧s♦♥✱ ✶✾✾✸✮✳
✺✳✶ ❏✉♠♣ ♣r♦❝❡ss ❝♦♥str✉❝t✐♦♥ ❢r♦♠ ■❇▼
❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧❧② r✐❣♦r♦✉s ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❥✉♠♣ ♣r♦❝❡ss ❢r♦♠ t❤❡ ✐♥❞✐✈✐❞✉❛❧✲❜❛s❡❞
♠♦❞❡❧ r❡q✉✐r❡s t❤❛t ✇❡ ✜rst st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ♠♦♥♦♠♦r♣❤✐❝ ♣♦♣✉❧❛t✐♦♥ ✐♥ t❤❡ ❛❜s❡♥❝❡
✶✽
♦❢ ♠✉t❛t✐♦♥✱ ❛♥❞ ♥❡①t t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ❞✐♠♦r♣❤✐❝ ♣♦♣✉❧❛t✐♦♥✱ ✐♥✈♦❧✈✐♥❣ ❝♦♠♣❡t✐t✐♦♥✱ ❛❢t❡r
❛ ♠✉t❛t✐♦♥ ❤❛s ♦❝❝✉rr❡❞✳ ■♥ t❤❡ ❧✐♠✐t ♦❢ ❧❛r❣❡ s②st❡♠ s✐③❡ ✭K →∞✮ ✇✐t❤♦✉t ♠✉t❛t✐♦♥ ✭µ ≡
0✮✱ ✇✐t❤ ♦♥❧② tr❛✐t x ♣r❡s❡♥t ❛t t✐♠❡ t = 0✱ ✇❡ ❤❛✈❡ XK0 = n
K
0 (x)δx ❛♥❞ X
K
t = n
K
t (x)δx ❢♦r
❛♥② t✐♠❡ t✳ ❯s✐♥❣ t❤❡ s❛♠❡ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡rs ❛s ✐♥ ❙❡❝t✐♦♥ ✹✳✶ ✭UK = U/K✱ VK = V/K✱
bK ❛♥❞ dK ✐♥❞❡♣❡♥❞❡♥t ♦❢ K✮✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t st❛t❡❞ t❤❡r❡✐♥ t❡❧❧s ✉s t❤❛t nKt (x)
❛♣♣r♦❛❝❤❡s nt(x) ✇❤❡♥ K ❜❡❝♦♠❡s ❧❛r❣❡✱ ❛♥❞ ❊q✳ ✭✹✳✶✮ ✭✐♥ ✐ts ✇❡❛❦ ❢♦r♠✮ ❜❡❝♦♠❡s
d
dt
nt(x) = ρ1(x, nt(x))nt(x) ✭✺✳✶✮
✇❤❡r❡ ρ1(x, nt(x)) = b(x, V (0)nt(x))− d(x, U(0)nt(x))✳ ❲❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ρ1(x, 0) > 0✱
t❤❛t ρ1(x, n) → −∞ ✇❤❡♥ n → +∞✱ ❛♥❞ t❤❛t✱ ❢♦r ❛♥② tr❛✐t x✱ t❤✐s ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛✲
t✐♦♥ ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ n¯(x)✱ ♥❡❝❡ss❛r✐❧② s❛t✐s❢②✐♥❣ b(x, V (0)n¯(x)) =
d(x, U(0)n¯(x))✳ ❚❤❡♥✱ ✐t t❛❦❡s ♦♥❧② ❡❧❡♠❡♥t❛r② ❝❛❧❝✉❧✉s t♦ ♣r♦✈❡ t❤❛t ❛♥② s♦❧✉t✐♦♥ t♦ ✭✺✳✶✮
✇✐t❤ ♣♦s✐t✐✈❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝♦♥✈❡r❣❡s t♦ n¯(x)✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r ❧♦❣✐st✐❝ ❞❡♥s✐t②✲
❞❡♣❡♥❞❡♥❝❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ✭b(x, ζ) = b(x) ❛♥❞ d(x, ζ) = d(x) + α(x)ζ✮✱ t❤❡
❡q✉✐❧✐❜r✐✉♠ ♠♦♥♦♠♦r♣❤✐❝ ❞❡♥s✐t② n¯(x) ✐s (b(x)− d(x))/α(x)U(0)✳
❲❤❡♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❞✐♠♦r♣❤✐❝ ✇✐t❤ tr❛✐ts x ❛♥❞ y✱ ✐✳❡✳ ✇❤❡♥ XK0 = n
K
0 (x)δx +
nK0 (y)δy✱ ✇❡ ❝❛♥ ❞❡✜♥❡ nt(x) ❛♥❞ nt(y) ❢♦r ❛♥② t ❛s ❜❡❢♦r❡✳ ❚❤❡♥ ξt = nt(x)δx + nt(y)δy
s❛t✐s✜❡s ❊q✳ ✭✹✳✶✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❝❛st ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❝♦✉♣❧❡❞ ♦r❞✐♥❛r② ❞✐❢✲
❢❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✿
d
dt
nt(x) = ρ2(x, y, nt(x), nt(y))nt(x)
d
dt
nt(y) = ρ2(y, x, nt(y), nt(x))nt(y)
✭✺✳✷✮
✇❤❡r❡ ρ2(x, y, n, n′) = b(x, V (0)n + V (x − y)n′) − d(x, U(0)n + U(x − y)n′)✳ ◆♦t✐❝❡ t❤❛t
ρ2(x, y, n, 0) = ρ1(x, n)✳ ❚❤❡ s②st❡♠ ✭✺✳✷✮ ♣♦ss❡ss❡s t✇♦ ✭♥♦♥✲tr✐✈✐❛❧✮ ❡q✉✐❧✐❜r✐❛ ♦♥ t❤❡
❜♦✉♥❞❛r② ♦❢ R+ × R+✱ (n¯(x), 0) ❛♥❞ (0, n¯(y))✱ ✇❤✐❝❤ ♠✉st ❜❡ st❛❜❧❡ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧
❛♥❞ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ t❤❡♥ st❛t❡ ❛s ❛ r✉❧❡ t❤❛t ✏y ✐♥✈❛❞❡s x✑ ✐❢ t❤❡
❡q✉✐❧✐❜r✐✉♠ (n¯(x), 0) ♦❢ ✭✺✳✷✮ ✐s ✉♥st❛❜❧❡ ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥❀ t❤✐s ❝❛♥ ❜❡ s❤♦✇♥ t♦ ♦❝❝✉r
✐❢ ρ2(y, x, 0, n¯(x)) > 0 ✭❋❡rr✐èr❡ ❛♥❞ ●❛tt♦✱ ✶✾✾✺❀ ●❡r✐t③ ❡t ❛❧✳✱ ✷✵✵✷❀ ❘✐♥❛❧❞✐ ❛♥❞ ❙❝❤❡✛❡r✱
✷✵✵✵✮✳ ❲❡ ❢✉rt❤❡r s❛② t❤❛t ✏✐♥✈❛s✐♦♥ ♦❢ x ❜② y ✐♠♣❧✐❡s ✜①❛t✐♦♥✑ ✐❢ ρ2(y, x, 0, n¯(x)) > 0 ❡♥t❛✐❧s
t❤❛t ❛❧❧ ♦r❜✐ts ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✺✳✷✮ ✐ss✉❡❞ ❢r♦♠ s✉✣❝✐❡♥t❧② s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s
♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ (n¯(x), 0) ✐♥ t❤❡ ♣♦s✐t✐✈❡ ♦rt❤❛♥t ❝♦♥✈❡r❣❡ t♦ (0, n¯(y))✳ ❖✉r ❝♦♥str✉❝t✐♦♥
♥❡❡❞s t♦ ❛ss✉♠❡ t❤❛t t❤✐s ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ❛❧♠♦st ❛♥② ♠✉t❛♥t tr❛✐t y ❜♦r♥❡ ♦✉t ❢r♦♠
x✳ ●❡r✐t③ ❡t ❛❧✳ ✭✷✵✵✷✮ ❛♥❞ ●❡r✐t③ ✭✷✵✵✹✮ ❤❛✈❡ ❛❝t✉❛❧❧② ♣r♦✈❡❞ t❤❛t t❤✐s ✐s tr✉❡ ❢♦r ❣❡♥❡r❛❧
♠♦❞❡❧s ✇❤❡♥ t❤❡ ♠✉t❛♥t tr❛✐t ✐s ❝❧♦s❡ t♦ t❤❡ r❡s✐❞❡♥t ❛♥❞ t❤❡ r❡s✐❞❡♥t ✐s s✉✣❝✐❡♥t❧② ❢❛r ❢r♦♠
s♣❡❝✐❛❧ tr❛✐t ✈❛❧✉❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts ♦r ❡①t✐♥❝t✐♦♥ ♣♦✐♥ts ♦❢ t❤❡ tr❛✐t s♣❛❝❡
X ✳ ❋r♦♠ ❛ ❜✐♦❧♦❣✐❝❛❧ ✈✐❡✇♣♦✐♥t✱ t❤❡ q✉❛♥t✐t② ρ2(y, x, 0, n¯(x)) ✐s t❤❡ ✜t♥❡ss ♦❢ ♠✉t❛♥t y ✐♥
❛ r❡s✐❞❡♥t ♣♦♣✉❧❛t✐♦♥ ♦❢ tr❛✐t x ❛t ❡q✉✐❧✐❜r✐✉♠ ✭▼❡t③ ❡t ❛❧✳✱ ✶✾✾✷✮✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❤❡r❡❛❢t❡r
❞❡♥♦t❡ ❜② f(y, x) ❛♥❞ r❡❢❡r t♦ ❛s t❤❡ ✜t♥❡ss ❢✉♥❝t✐♦♥✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✜t♥❡ss ❢✉♥❝t✐♦♥ f
s❛t✐s✜❡s t❤❡ ✉s✉❛❧ ♣r♦♣❡rt② t❤❛t f(x, x) = 0 ❢♦r ❛♥② tr❛✐t ✈❛❧✉❡ x✳
❚❤❡ ❤❡✉r✐st✐❝s ♦❢ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡ ♠♦❞❡❧s ✭▼❡t③ ❡t ❛❧✳✱ ✶✾✾✻✮ ❛ss✉♠❡ t❤❛t ❛
♠♦♥♦♠♦r♣❤✐❝ ♣♦♣✉❧❛t✐♦♥ r❡❛❝❤❡s ✐ts ❡❝♦❧♦❣✐❝❛❧ ✭❞❡t❡r♠✐♥✐st✐❝✮ ❡q✉✐❧✐❜r✐✉♠ ❜❡❢♦r❡ t❤❡ ✜rst
♠✉t❛t✐♦♥ ♦❝❝✉rs✳ ❆s ❛ ♠✉t❛♥t ❛r✐s❡s✱ ✐t ❝♦♠♣❡t❡s ✇✐t❤ t❤❡ r❡s✐❞❡♥t tr❛✐t✱ ❛♥❞ s✉✣❝✐❡♥t
t✐♠❡ ✐s ❣✐✈❡♥ t♦ t❤❡ ❡❝♦❧♦❣✐❝❛❧ ✐♥t❡r❛❝t✐♦♥ ❢♦r s♦rt✐♥❣ ♦✉t t❤❡ ✇✐♥♥❡r ❜❡❢♦r❡ ❛ ♥❡✇ ♠✉t❛♥t
❛♣♣❡❛rs✳ ■♥ t❤❡ s✐♠♣❧❡st ❝❛s❡✱ ♦♥❧② ♦♥❡ tr❛✐t s✉r✈✐✈❡s✿ ❡✐t❤❡r t❤❡ ♠✉t❛♥t ❞✐❡s ♦✉t ✭❞✉❡ t♦
✶✾
st♦❝❤❛st✐❝✐t② ♦r s❡❧❡❝t✐✈❡ ✐♥❢❡r✐♦r✐t②✮✱ ♦r ✐t r❡♣❧❛❝❡s t❤❡ r❡s✐❞❡♥t tr❛✐t ✭❞✉❡ t♦ st♦❝❤❛st✐❝✐t②
♦r s❡❧❡❝t✐✈❡ s✉♣❡r✐♦r✐t②✮✳ ❚❤❡r❡❢♦r❡✱ ♦♥ ❛ ❧♦♥❣ t✐♠❡s❝❛❧❡✱ t❤❡ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❝❛♥ ❜❡
❞❡s❝r✐❜❡❞ ❛s ❛ s✉❝❝❡ss✐♦♥ ♦❢ ✏♠✉t❛t✐♦♥✲✐♥✈❛s✐♦♥✑ ❡✈❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❥✉♠♣s ✐♥ t❤❡ tr❛✐t
s♣❛❝❡✳
❚❤❡s❡ ❤❡✉r✐st✐❝s r❛✐s❡ ❝♦♥✢✐❝t✐♥❣ ❞❡♠❛♥❞s ♦♥ t❤❡ ♠✉t❛t✐♦♥ r❛t❡ t❤❛t ♦♥❧② ❛ ❢✉❧❧ ♠❛t❤✲
❡♠❛t✐❝❛❧ tr❡❛t♠❡♥t ❝❛♥ r❡s♦❧✈❡✳ ❋✐rst✱ ♠✉t❛t✐♦♥ ❡✈❡♥ts s❤♦✉❧❞ ❜❡ r❛r❡ ❡♥♦✉❣❤ s♦ t❤❛t t❤❡
♥❡①t ♠✉t❛♥t ✐s ✉♥❧✐❦❡❧② t♦ ❛♣♣❡❛r ✉♥t✐❧ t❤❡ ♣r❡✈✐♦✉s ♠✉t❛♥t✬s ✜①❛t✐♦♥ ♦r ❡①t✐♥❝t✐♦♥ ✐s s❡t✲
t❧❡❞✳ ❙❡❝♦♥❞✱ ♠✉t❛t✐♦♥ ❡✈❡♥ts s❤♦✉❧❞ ❜❡ ❢r❡q✉❡♥t ❡♥♦✉❣❤✱ s♦ t❤❛t t❤❡ ♥❡①t ♠✉t❛t✐♦♥ ✐s ♥♦t
❞❡❧❛②❡❞ ❜❡②♦♥❞ t❤❡ t✐♠❡ ✇❤❡♥ t❤❡ r❡s✐❞❡♥t ♣♦♣✉❧❛t✐♦♥ s✐③❡ ✐s ❧✐❦❡❧② t♦ ❤❛✈❡ st♦❝❤❛st✐❝❛❧❧②
❞r✐❢t❡❞ ❛✇❛② ❢r♦♠ ✐ts ❡q✉✐❧✐❜r✐✉♠✳ ▲❛r❣❡ ❞❡✈✐❛t✐♦♥ t❤❡♦r② ✭❉❡♠❜♦ ❛♥❞ ❩❡✐t♦✉♥✐ ✶✾✾✸✮
❛♥❞ r❡s✉❧ts ♦♥ ●❛❧t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss❡s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦rr❡❝t ♠✉t❛t✐♦♥
t✐♠❡s❝❛❧❡ ❢♦r ✇❤✐❝❤ ❜♦t❤ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ✇♦r❦ ✐s r❡♣♦rt❡❞ ✐♥
❈❤❛♠♣❛❣♥❛t ✭✷✵✵✹❛✮✱ ❛♥❞ t❤❡ ❡♥❞ r❡s✉❧t ♦❢ ❜✐♦❧♦❣✐❝❛❧ ✐♥t❡r❡st ✐s t❤❛t✱ ✐❢ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❜✲
❛❜✐❧✐t② ✐s t❛❦❡♥ ❛s µK(x) = uKµ(x)✱ ✇❤❡r❡ uK ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✇❤❡♥ K ❣♦❡s t♦ ✐♥✜♥✐t②✱
t❤❡♥ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❛♥❞ t❤❡ s②st❡♠ s✐③❡ s❤♦✉❧❞ s❝❛❧❡ ❛❝❝♦r❞✐♥❣ t♦
e−CK ≪ uK ≪ 1
K logK
❢♦r ❛♥② C > 0. ✭✺✳✸✮
❊q✉❛t✐♦♥ ✭✺✳✸✮ ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t KuK t❡♥❞s t♦ 0 ❛s K t❡♥❞s t♦ ✐♥✜♥✐t②❀ t❤❡r❡❢♦r❡✱
❢♦r ❡❛❝❤ t✐♠❡ t✱ t❤❡ t✐♠❡ ❝❤❛♥❣❡ t/KuK r❡♣r❡s❡♥ts ❛ ❧♦♥❣ t✐♠❡ s❝❛❧✐♥❣✳ ❚❤✐s s❧♦✇ t✐♠❡s❝❛❧❡
✐s t❤❛t ♦❢ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❝❡ss✿ t❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ K✱ ❛♥❞ t❤❡ ♣❡r ❝❛♣✐t❛
♠✉t❛t✐♦♥ r❛t❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ uK ✱ ❤❡♥❝❡ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♠✉t❛t✐♦♥ r❛t❡ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢
KuK ✳ ❈♦♥❞✐t✐♦♥s ✭✺✳✸✮ ♠❛② ❜❡ r❡✇r✐tt❡♥ ❛s
logK ≪ t
KuK
≪ eCK ❢♦r ❛♥② t, C > 0,
❛♥❞ ♦❜t❛✐♥s ❜❡❝❛✉s❡ logK ✐s t❤❡ t②♣✐❝❛❧ t✐♠❡ ♦❢ ❣r♦✇t❤ ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ❛ s✉❝❝❡ss❢✉❧
♠✉t❛♥t✱ ❛♥❞ exp(CK) ✐s t❤❡ t②♣✐❝❛❧ t✐♠❡ ♦✈❡r ✇❤✐❝❤ t❤❡ r❡s✐❞❡♥t ♣♦♣✉❧❛t✐♦♥ ✐s ❧✐❦❡❧② t♦
❞r✐❢t st♦❝❤❛st✐❝❛❧❧② ❛✇❛② ❢r♦♠ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉✐❧✐❜r✐✉♠ ✭♣r♦❜❧❡♠ ♦❢ ❡①✐t ❢r♦♠ ❛ ❞♦♠❛✐♥✱
❋r❡✐❞❧✐♥ ❛♥❞ ❲❡♥t③❡❧✱ ✶✾✽✹✮✳
❯♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✺✳✸✮✱ t❤❡ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ✐♥ ❈❤❛♠♣❛❣♥❛t ✭✷✵✵✹❛✮ ❝❛♥ ❜❡ ❛❞❛♣t❡❞
t♦ ♣r♦✈❡ t❤❛t✱ ❛s t❤❡ s②st❡♠ s✐③❡ K ❜❡❝♦♠❡s ❧❛r❣❡✱ t❤❡ ♣r♦❝❡ss XKt/KuK =
1
K ν
K
t/KuK
❝♦♥✲
✈❡r❣❡s✱ ✇❤❡♥ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✐s ♠♦♥♦♠♦r♣❤✐❝ ✇✐t❤ tr❛✐t x✱ t♦ t❤❡ ♣r♦❝❡ss n¯(Yt)δYt
✐♥ ✇❤✐❝❤ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❛t ❛♥② t✐♠❡ ♠♦♥♦♠♦r♣❤✐❝✳ ❚❤❡ t✐♠❡ ♣r♦❝❡ss ✐♥✈♦❧✈❡❞✱ (Yt)t≥0✱
✐s ▼❛r❦♦✈✐❛♥ ❛♥❞ s❛t✐s✜❡s Y0 = x✳ ❚❤✐s ✐s ❛ ❥✉♠♣ ♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r L
❣✐✈❡♥✱ ❢♦r ❛❧❧ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ ϕ : X → R✱ ❜②
Lϕ(x) =
∫
Rl
(ϕ(x+ z)− ϕ(x))[g(x+ z, x)]+M(x, z)dz ✭✺✳✹✮
✇❤❡r❡
g(y, x) = µ(x)b(x, V (0)n¯(x))n¯(x)
f(y, x)
b(y, V (y − x)n¯(x)) ✭✺✳✺✮
✭[z]+ ❞❡♥♦t❡s t❤❡ ♣♦s✐t✐✈❡ ♣❛rt✿ [z]+ = 0 ✐❢ z ≤ 0❀ [z]+ = z ✐❢ z > 0✮✳ ❚❤❡ ❣❡♥❡r❛t♦r✬s
❢♦r♠ ✭✺✳✹✮ ♠❡❛♥s t❤❛t t❤❡ ♣r♦❝❡ss Yt ❥✉♠♣s ❢r♦♠ st❛t❡ x ✇✐t❤ r❛t❡R(x) =
∫
Rl
[g(x+ z, x)]+M(x, z)dz
✷✵
t♦ t❤❡ ♥❡✇ st❛t❡ x+ z✱ ✇❤❡r❡ z ❢♦❧❧♦✇s t❤❡ ❧❛✇ [g(x+ z, x)]+M(x, z)dz/R(x)✳ ❚❤❡ s✐♠✉❧❛✲
t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶ ✭❞✮ ✐❧❧✉str❛t❡s t❤✐s ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣r♦❝❡ss
(Yt)t≥0✳
❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r g ❣✐✈❡♥ ❜② ❊q✳ ✭✺✳✺✮ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❢♦❧❧♦✇s✳ ❲❤❡♥ t❤❡
♣♦♣✉❧❛t✐♦♥ ✐s ♠♦♥♦♠♦r♣❤✐❝ ✇✐t❤ tr❛✐t x✱ ✐ts ❞❡♥s✐t② r❡❛❝❤❡s ❛ ❣✐✈❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✐ts
❡q✉✐❧✐❜r✐✉♠ n¯(x) ✐♥ ✜♥✐t❡ t✐♠❡✱ ✐✳❡✳ ✇✐t❤✐♥ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ t✐♠❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡s❝❛❧❡
♦❢ ♠✉t❛t✐♦♥❀ t❤✐s ❝❛♥ ❜❡ s❤♦✇♥ ❜② ✉s✐♥❣ r❡s✉❧ts ♦♥ st♦❝❤❛st✐❝ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ (νKt )
❛♥❞ ❧♦❣✐st✐❝ ❜✐rt❤✲❛♥❞✲❞❡❛t❤ ♣r♦❝❡ss❡s✳ ❚❤❡♥✱ t❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ❜❡✐♥❣ ❝❧♦s❡ t♦ n¯(x)✱
t❤❡ ♣♦♣✉❧❛t✐♦♥ ♠✉t❛t✐♦♥ r❛t❡ ✐s ❝❧♦s❡ t♦ uKµ(x)b(x, V (0)n¯(x))Kn¯(x)✳ ❚❤❡r❡❢♦r❡✱ ♦♥ t❤❡
♠✉t❛t✐♦♥ t✐♠❡s❝❛❧❡✱ t❤❡ ♠✉t❛t✐♦♥ r❛t❡ ✐s ❣✐✈❡♥ ❜② µ(x)b(x, V (0)n¯(x))n¯(x)✱ ✇❤✐❝❤ ②✐❡❧❞s
♦♥❡ ♣❛rt ♦❢ ✭✺✳✺✮✳ ❚❤❡ ♦t❤❡r ♣❛rt ❞❡❛❧s ✇✐t❤ t❤❡ ✐♥✈❛s✐♦♥ ♦❢ ❛ ♠✉t❛♥t tr❛✐t y✱ ✇❤✐❝❤ ❝❛♥ ❜❡
❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ ♣❤❛s❡s ✭❋✐❣✳ ✸✮✱ ❛s ✐s ❞♦♥❡ ❝❧❛ss✐❝❛❧❧② ❜② ♣♦♣✉❧❛t✐♦♥ ❣❡♥❡t✐❝✐sts ❞❡❛❧✐♥❣
✇✐t❤ s❡❧❡❝t✐✈❡ s✇❡❡♣s ✭❑❛♣❧❛♥ ❡t ❛❧✳ ✶✾✽✾✱ ❉✉rr❡tt ❛♥❞ ❙❝❤✇❡✐♥s❜❡r❣ ✷✵✵✹✮✳ ■♥✐t✐❛❧❧②✱ t❤❡r❡
✐s ♦♥❧② ♦♥❡ ♠✉t❛♥t ✐♥❞✐✈✐❞✉❛❧❀ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐t s♣❛✇♥s ♠❛② ❣♦ ❡①t✐♥❝t q✉✐❝❦❧② ❡✈❡♥ ✐❢ ✐ts
✜t♥❡ss f(y, x) ✐s ♣♦s✐t✐✈❡✱ ❞✉❡ t♦ ❞❡♠♦❣r❛♣❤✐❝ st♦❝❤❛st✐❝✐t②✳ ❚♦ ❡st✐♠❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
s✉❝❤ ❡❛r❧② ❡①t✐♥❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♠✉t❛♥t ✐♥❞✐✈✐❞✉❛❧s✱ ❛s ❧♦♥❣ ❛s ✐t ✐s s♠❛❧❧
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡s✐❞❡♥t ♣♦♣✉❧❛t✐♦♥ s✐③❡✱ ✇✐t❤ ●❛❧t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss❡s✱ ✇✐t❤ ❝♦♥st❛♥t
❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s✳ ❚❤✐s ✜rst ♣❤❛s❡ ❡♥❞s ✇❤❡♥ t❤❡ ♠✉t❛♥t ❞❡♥s✐t② r❡❛❝❤❡s ❛ ✜①❡❞ s♠❛❧❧
❧❡✈❡❧ γ ❛♥❞ ❝♦rr❡s♣♦♥❞s ✐♥ ❋✐❣✳ ✸ t♦ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, t1]✳ ❍❡r❡✱ t❤❡ ♠✉t❛♥t ❜✐rt❤ r❛t❡ ✐s
❝❧♦s❡ t♦ b(y, V (y− x)n¯(x))✱ ❛♥❞ t❤❡ ♠✉t❛♥t ❞❡❛t❤ r❛t❡ ✐s ❝❧♦s❡ t♦ d(y, U(y− x)n¯(x))✳ ❚❤❡
♣r♦❜❛❜✐❧✐t② ♦❢ s✉r✈✐✈❛❧ ♦❢ ❛ ●❛❧t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss ✇✐t❤ t❤❡s❡ ♣❛r❛♠❡t❡rs ✐s ❣✐✈❡♥ ❝❧❛ss✐❝❛❧❧②
❛s [f(y, x)]+/b(y, V (y − x)n¯(x))✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ✭✺✳✺✮✳ ■❢ ✐♥✈❛s✐♦♥ ♦❝❝✉rs✱
✇❤✐❝❤ ✐s ♣♦ss✐❜❧❡ ♦♥❧② ✐❢ f(y, x) > 0✱ t❤❡ r❡s✐❞❡♥t ❛♥❞ ♠✉t❛♥t ❞❡♥s✐t✐❡s ❣❡t ❝❧♦s❡ t♦ t❤❡
s♦❧✉t✐♦♥ ♦❢ ❊q✳ ✭✺✳✷✮✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❞♦tt❡❞ ❝✉r✈❡s ❜❡t✇❡❡♥ t1 ❛♥❞ t2 ✐♥ ❋✐❣✳ ✸❀ t❤✐s ✐s
♣❤❛s❡ ✷✳ ❙✐♥❝❡ ✇❡ ❛ss✉♠❡ t❤❛t ✏✐♥✈❛s✐♦♥ ✐♠♣❧✐❡s ✜①❛t✐♦♥✑✱ t❤❡ r❡s✐❞❡♥t ❞❡♥s✐t② ❝♦♥✈❡r❣❡s
t♦ ✵ ❛♥❞ r❡❛❝❤❡s ❧❡✈❡❧ γ ✐♥ ❜♦✉♥❞❡❞ t✐♠❡✳ ❚❤❡ t❤✐r❞ ♣❤❛s❡ ✭❜❡t✇❡❡♥ t✐♠❡s t2 ❛♥❞ t3 ✐♥
❋✐❣✳ ✸✮ ✐s ❛♥❛❧②③❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❝♦♠♣❛r✐s♦♥ ❛r❣✉♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ r❡s✐❞❡♥t
✐♥❞✐✈✐❞✉❛❧s ❛♥❞ ❛ ●❛❧t♦♥✲❲❛ts♦♥ ♣r♦❝❡ss s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦
♣r♦✈❡ t❤❛t t❤❡ r❡s✐❞❡♥t ♣♦♣✉❧❛t✐♦♥ ❣♦❡s ❡①t✐♥❝t ✐♥ ✐♥✜♥✐t❡s✐♠❛❧ t✐♠❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♠✉t❛t✐♦♥ t✐♠❡s❝❛❧❡✳ ❚❤❡s❡ ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ ❡①♣♦✉♥❞❡❞ ❢♦r♠❛❧❧② ❜② ❛❞❛♣t✐♥❣ t❤❡ ♠❡t❤♦❞
♦❢ ❈❤❛♠♣❛❣♥❛t ✭✷✵✵✹❛✮✳ ❚❤❡ t✐♠❡s t1 ❛♥❞ t3 − t2 ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ logK✱ ✇❤✐❧❡ t2 − t1
♦♥❧② ❞❡♣❡♥❞s ♦♥ γ✳
❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❥✉♠♣ ♣r♦❝❡ss ♠♦❞❡❧ ✭✺✳✹✮ ❛♥❞ ✭✺✳✺✮ ❡♠♣❤❛s✐③❡s t❤❛t
t❤❡ r❛r❡✲♠✉t❛t✐♦♥ ❛♥❞ ❧❛r❣❡✲♣♦♣✉❧❛t✐♦♥ ❧✐♠✐ts ♠✉st ❜❡ t❛❦❡♥ s✐♠✉❧t❛♥❡♦✉s❧② ✐❢ ♦♥❡ ✐s t♦
♠♦❞❡❧ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❛s ❛ st♦❝❤❛st✐❝ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡✳ ❚❤❡ ❧❛r❣❡ ♣♦♣✉❧❛✲
t✐♦♥ ❧✐♠✐t ❜② ✐ts❡❧❢ ❝❛♥ ♦♥❧② ②✐❡❧❞ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧ ✭✹✳✶✮ ✭❣❡♥❡r❛❧✐③❡❞ ❑✐♠✉r❛✬s ❡q✉❛✲
t✐♦♥✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ✜♥✐t❡ ♣♦♣✉❧❛t✐♦♥ ♦♥ t❤❡ ♠✉t❛t✐♦♥ t✐♠❡s❝❛❧❡ ❛r❡
tr✐✈✐❛❧ ✉♥❞❡r t❤❡ r❛r❡ ♠✉t❛t✐♦♥ s❝❡♥❛r✐♦✿ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❣♦❡s ✐♠♠❡❞✐❛t❡❧② ❡①t✐♥❝t ❛❧♠♦st
s✉r❡❧② ♦♥ t❤❛t t✐♠❡s❝❛❧❡✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧✲❜❛s❡❞ ♣r♦❝❡ss ν ✭❝❢✳
❙❡❝t✐♦♥ ✷✳✶✮ t❤❛t ❞r✐✈❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ t♦t❛❧ ✭✜♥✐t❡✮ ♣♦♣✉❧❛t✐♦♥ s✐③❡ I(t) ✐s st♦❝❤❛s✲
t✐❝❛❧❧② ❜♦✉♥❞❡❞ ❜② ❛ ❧♦❣✐st✐❝ ❜✐rt❤✲❞❡❛t❤ ♣r♦❝❡ss ✇✐t❤ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ r❛t❡s ♦❢ ♦r❞❡r I(t)
❛♥❞ I(t)2✱ r❡s♣❡❝t✐✈❡❧②❀ t❤✐s ♣r♦❝❡ss ❣♦❡s ❛❧♠♦st s✉r❡❧② ❡①t✐♥❝t ✐♥ ✜♥✐t❡ t✐♠❡✳ ❚❤❡r❡❢♦r❡✱ ✐t
✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ♣✐❝❦ u s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t ❡①t✐♥❝t✐♦♥ ♦❝❝✉rs ✐♥st❛♥t❛♥❡♦✉s❧② ♦♥ t❤❡
♠✉t❛t✐♦♥ t✐♠❡s❝❛❧❡ s❡t ❜② t/u✳
■♥ ♦r❞❡r t♦ ❡①t❡♥❞ t❤✐s r❡s✉❧t t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❝♦❡①✐st❡♥❝❡ ♦❢ s❡✈❡r❛❧ tr❛✐ts ✐s
♣♦ss✐❜❧❡✱ ✐✳❡✳ ✇❤❡♥ t❤❡ ✏✐♥✈❛s✐♦♥✲✐♠♣❧✐❡s✲✜①❛t✐♦♥✑ ❛ss✉♠♣t✐♦♥ ✐s r❡❧❛①❡❞✱ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝
✷✶
✵γ
n¯(y)
n¯(x)
P
♦♣
✉❧
❛t
✐♦
♥
s✐
③❡
t1 t2 t3
❚✐♠❡ ✭t✮
nKt (y)
nKt (x)
❋✐❣✉r❡ ✸✿ ❚❤❡ t❤r❡❡ ♣❤❛s❡s ♦❢ t❤❡ ✐♥✈❛s✐♦♥ ❛♥❞ ✜①❛t✐♦♥ ♦❢ ❛ ♠✉t❛♥t tr❛✐t y ✐♥ ❛ ♠♦♥♦♠♦r♣❤✐❝
♣♦♣✉❧❛t✐♦♥ ✇✐t❤ tr❛✐t x✳ P❧❛✐♥ ❝✉r✈❡s r❡♣r❡s❡♥t t❤❡ r❡s✐❞❡♥t ❛♥❞ ♠✉t❛♥t ❞❡♥s✐t✐❡s nKt (x)
❛♥❞ nKt (y)✱ r❡s♣❡❝t✐✈❡❧②✳ ❉♦tt❡❞ ❝✉r✈❡s r❡♣r❡s❡♥t t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊q✳ ✭✺✳✷✮ ✇✐t❤ ✐♥✐t✐❛❧ st❛t❡
n0(x) = n¯(x) ❛♥❞ n0(y) = ε✳
❝♦♠♣♦♥❡♥t ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ❝❛♥ ❡❛s✐❧② ❜❡ ❣❡♥❡r❛❧✐③❡❞✳ ❚❤❡ ♠❛❥♦r ❞✐✣❝✉❧t② ✐s ❛♥ ❛♥❛❧②t✐❝❛❧
♦♥❡✿ ✇❡ ✇♦✉❧❞ ♥❡❡❞ t♦ ❛ss✉♠❡ t❤❛t✱ ❢♦r ❛♥② k ❛♥❞ ❢♦r ❛♥② s❡t ♦❢ tr❛✐ts {x1, . . . , xk}✱ t❤❡
k✲♠♦r♣❤✐❝ s②st❡♠ ♦❢ ❝♦✉♣❧❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ t❤❛t ❣❡♥❡r❛❧✐③❡s ✭✺✳✷✮✱ ❛❞♠✐ts ❛ ✉♥✐q✉❡
st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ t♦✇❛r❞s ✇❤✐❝❤ ❛♥② s♦❧✉t✐♦♥ ✇✐t❤ ♣♦s✐t✐✈❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝♦♥✈❡r❣❡s✳
❙✉❝❤ ❛♥ ❛ss✉♠♣t✐♦♥ ✐s ✈❡r② r❡str✐❝t✐✈❡ ❛♥❞ ❡①❝❧✉❞❡s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♥♦♥❡q✉✐❧✐❜r✐✉♠ ❛t✲
tr❛❝t♦rs✳ ❆s ❢❛r ❛s ✇❡ ❦♥♦✇✱ ♥♦ s✉❝❤ ❛♥❛❧②t✐❝ ❝♦♥❞✐t✐♦♥ ❤❛s ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ❡✈❡♥ ❢♦r
r❡str✐❝t❡❞ ❝❧❛ss❡s ♦❢ ❡❝♦❧♦❣✐❝❛❧ ♠♦❞❡❧s✳
✺✳✷ ❈❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥ ❛♥❞ ❡①t❡♥s✐♦♥s
■♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ t❤❡ s♠❛❧❧ ♠✉t❛t✐♦♥ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❥✉♠♣ ♣r♦❝❡ss ❝♦♥str✉❝t❡❞
✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ✭s♠❛❧❧✮ ♣❛r❛♠❡t❡r ε > 0 ❜② ✇❤✐❝❤ t❤❡ ♠✉t❛t✐♦♥
st❡♣ ✐s ♠✉❧t✐♣❧✐❡❞✱ ❛♥❞ ✇❡ ❞❡✜♥❡ ❛ ❢❛♠✐❧② ♦❢ ▼❛r❦♦✈ ❥✉♠♣ ♣r♦❝❡ss❡s {(xεt )t≥0}ε>0 ✇✐t❤
✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r
Lεϕ(x) =
1
ε2
∫
Rl
(ϕ(x+ εz)− ϕ(x))[g(x+ εz, x)]+M(x, z)dz. ✭✺✳✻✮
❚❤✐s ♠♦❞❡❧ ❛ss✉♠❡s t❤❡ ✉♥✉s✉❛❧ t✐♠❡ s❝❛❧✐♥❣ ❜② ε−2 ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ t♦ ❛✈♦✐❞ t❤❡ ♣r♦❝❡ss
❜❡❝♦♠✐♥❣ ❝♦♥st❛♥t ✐♥ t❤❡ ❧✐♠✐t ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♠✉t❛t✐♦♥ st❡♣s ✭ε → 0✮ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ g(x, x) = 0✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✇❡ ✉s❡❞ t♦ st✉❞② t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧
♣♦✐♥t ♣r♦❝❡ss ✐♥ ❙❡❝t✐♦♥s ✹✳✶ ❛♥❞ ✹✳✷ ❛♣♣❧✐❡s ❤❡r❡ ❛❣❛✐♥ t♦ ♣r♦✈❡ ✭❈❤❛♠♣❛❣♥❛t ❡t ❛❧✳✱
✷✵✵✶❀ ❈❤❛♠♣❛❣♥❛t✱ ✷✵✵✹❜✮ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ r❡❝♦✈❡r t❤❡ ❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥ ♦❢ ❛❞❛♣t✐✈❡
❞②♥❛♠✐❝s✿ ✉♥❞❡r ❣❡♥❡r❛❧ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ g ❛♥❞ M ✱ ✇❤❡♥ ε → 0✱ t❤❡ ❢❛♠✐❧②
♦❢ ♣r♦❝❡ss❡s {(xεt )t≥0}ε≥0 ❝♦♥✈❡r❣❡s t♦ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (x˜t)t≥0 t♦ t❤❡ ✭❞❡t❡r♠✐♥✐st✐❝✮
✷✷
♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
dx˜
dt
=
∫
Rl
z[z · ∇1g(x˜, x˜)]+M(x˜, dz), ✭✺✳✼✮
✇❤❡r❡ ∇1g ❞❡♥♦t❡s t❤❡ ❣r❛❞✐❡♥t ♦❢ g(x, y) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜rst ✈❛r✐❛❜❧❡ x✳
■♥ t❤❡ ❝❛s❡ ✇❤❡r❡M(x, ·) ✐s ❛ s②♠♠❡tr✐❝❛❧ ♠❡❛s✉r❡ ♦♥ Rl ❢♦r ❛♥② tr❛✐t x ✐♥ X ✱ ✭✺✳✼✮ ❝❛♥
❜❡ r❡❝❛st ✐♥t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❢♦r♠ ♦❢ t❤❡ ✏❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥✑ ✭❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇✱ ✶✾✾✻✮✿
dx˜
dt
=
1
2
Σ(x˜)∇1g(x˜, x˜), ✭✺✳✽✮
✇❤❡r❡ Σ(x) ❞❡♥♦t❡s t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♠✉t❛t✐♦♥ ❦❡r♥❡❧ M(x, ·)✳ ❈❤❛♠✲
♣❛❣♥❛t ✭✷✵✵✹❜✮ ♣r♦✈❡❞ ❛ s✐♠✐❧❛r r❡s✉❧t ❢♦r ♣♦❧②♠♦r♣❤✐❝ ♣♦♣✉❧❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❛ ❣❡♥❡r❛❧✐③❡❞
✏✐♥✈❛s✐♦♥✲✐♠♣❧✐❡s✲✜①❛t✐♦♥✑ ♣r✐♥❝✐♣❧❡ ❤♦❧❞s✱ ✇❤✐❝❤ ✐s tr✉❡ ❛✇❛② ❢r♦♠ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts ✭♦r
❡①t✐♥❝t✐♦♥ ♣♦✐♥ts✮✳ ❚❤✉s✱ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥ ❛♣♣❡❛rs t♦ ❜❡ ❛s ❜r♦❛❞ ❛s
t❤❡ ✏✐♥✈❛s✐♦♥✲✐♠♣❧✐❡s✲✜①❛t✐♦♥✑ ♣r✐♥❝✐♣❧❡ ❝❛♥ ❜❡✳
❚❤❡ ❡q✉✐❧✐❜r✐❛ ♦❢ ❊qs✳ ✭✺✳✼✮ ❛♥❞ ✭✺✳✽✮ s❛t✐s❢② ∇1g(x, x) = 0 ❛♥❞ ❛r❡ ❝❧❛ss✐❝❛❧❧② ❝❛❧❧❡❞
✏❡✈♦❧✉t✐♦♥❛r② s✐♥❣✉❧❛r✐t✐❡s✑✳
✺✳✸ ❍✐❣❤❡r✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥
❚❤❡ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ❛ss✉♠♣t✐♦♥ t❤❛t ❣♦❡s ❛❧♦♥❣ ✇✐t❤ t❤❡ ✐♥✈❛s✐♦♥✲✐♠♣❧✐❡s✲✜①❛t✐♦♥ ♣r✐♥✲
❝✐♣❧❡ ❡♥t❛✐❧s t❤❛t ❛❞❛♣t✐✈❡ ❝❤❛♥❣❡ ♠❛② ♦♥❧② ❜❡ ❞✐r❡❝t✐♦♥❛❧ ✖ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ❞❡t❡r♠✐♥❡❞
❜② ∇1g(x, x)✳ ❍♦✇❡✈❡r✱ ✐♥ ❧❛r❣❡ ②❡t ✜♥✐t❡ ♣♦♣✉❧❛t✐♦♥s✱ st♦❝❤❛st✐❝✐t② ♠❛② ❝❛✉s❡ ❛ ♠✉t❛♥t
t♦ ✐♥✈❛❞❡ ❡✈❡♥ ✐❢ ✐ts ✜t♥❡ss ✐s ♥❡❣❛t✐✈❡✱ s♦ t❤❛t ❛❞❛♣t✐✈❡ ❡✈♦❧✉t✐♦♥ ♠❛② ♣r♦❝❡❡❞ ✐♥ ❛♥②
❞✐r❡❝t✐♦♥ ♦❢ t❤❡ tr❛✐t s♣❛❝❡✳ ❚♦ ❛❝❝♦✉♥t ❢♦r t❤✐s ❢❡❛t✉r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ♠♦❞❡❧ ♦❢
❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❞r✐✈✐♥❣ ❛ ❞✐✛✉s✐♦♥ ♣r♦✲
❝❡ss✳ ❚❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤✐s ❞✐✛✉s✐♦♥ ✐s ❛ ✜rst✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ε ♦❢ t❤❡
❣❡♥❡r❛t♦r ✭✺✳✻✮ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥❛❧ ❥✉♠♣ ♣r♦❝❡ss✱ ✐♥ t❤❡ ❧✐♠✐t ♦❢ s♠❛❧❧ ♠✉t❛t✐♦♥ ❥✉♠♣s✳ ■♥t❡r✲
❡st✐♥❣❧②✱ t❤❡ s❡❝♦♥❞✲♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ✇❛② ♣♦ss❡ss❡s ❞❡❣❡♥❡r❛t❡
❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s ❝♦❡✣❝✐❡♥ts✱ r❡♥❞❡r✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✭s❡❡ ❡✳❣✳
❑❛r❛t③❛s ❛♥❞ ❙❤r❡✈❡✱ ✶✾✽✽✮ ♥♦♥ ❛♣♣❧✐❝❛❜❧❡✳ ❚❤❡s❡ ❜❛❞ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s ❝♦♠❡ ❢r♦♠ t❤❡
♥♦♥ s♠♦♦t❤ ❢✉♥❝t✐♦♥ [·]+ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ r❡s❝❛❧❡❞ ❣❡♥❡r❛t♦r ✭✺✳✻✮✳ ❚❤❡ ✇❡❛❦ ❡①✐st❡♥❝❡ ♦❢
s♦❧✉t✐♦♥s t♦ t❤✐s st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❈❤❛♠♣❛❣♥❛t ✭✷✵✵✹❜✮
✉♥❞❡r ❣❡♥❡r❛❧ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ g ❛♥❞ M ✳
■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ t❤❡ tr❛✐t s♣❛❝❡ X ❡q✉❛❧s R ❛♥❞ t❤❡ ♠✉t❛t✐♦♥ ❧❛✇ M(x, ·) ✐s
s②♠♠❡tr✐❝❛❧✱ ❧❡t σ2(x) ❜❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ M(x, ·)✱ ❛♥❞ M3(x) =
∫∞
0 z
3M(x, z)dz❀ t❤❡♥ t❤❡
st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s
dXεt = [B1(X
ε
t ) + εB2(X
ε
t )]dt+
√
εA(Xεt )dWt ✭✺✳✾✮
✇❤❡r❡B1(x) = 12σ
2(x)∂1g(x, x)✱ B2(x) = 12M3(x)s✐❣♥[∂1g(x, x)]∂
2
1g(x, x)✱ A(x) = M3(x)|∂1g(x, x)|✱
❛♥❞ W ✐s ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ t❤❡♦r② t❤❡♥ s✉❣❣❡sts t♦ ♣r♦❜❡
t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss ✇❤❡♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥ ♣♦ss❡ss❡s ♠✉❧✲
t✐♣❧❡ ❧♦❝❛❧❧② st❛❜❧❡ ❡q✉✐❧✐❜r✐❛✳ ❚❤❡ r❡s✉❧ts ♦❢ ❈❤❛♠♣❛❣♥❛t ✭✷✵✵✸✮ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❤❡r❡ t♦
s❤♦✇ t❤❛t ✇❤❡♥ ❛♥ ❛♥❝❡str❛❧ ♣♦♣✉❧❛t✐♦♥ ✐s s✉rr♦✉♥❞❡❞ ❜② ❛♥ ❛ttr❛❝t✐♥❣ ❊❙❙ ✭❡✈♦❧✉t✐♦♥✲
❛r✐❧② st❛❜❧❡ str❛t❡❣②✮ ❛♥❞ ❛♥ ❛ttr❛❝t✐♥❣ ❜r❛♥❝❤✐♥❣ ♣♦✐♥t ✭❝❢✳ ❡✳❣✳ ●❡r✐t③ ❡t ❛❧✳✱ ✶✾✾✽✮✱ t❤✐s
✷✸
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❡✈♦❧✉t✐♦♥❛r② ♣r♦❝❡ss ✇✐❧❧ ❛❧♠♦st s✉r❡❧② ❤♦♠❡ ✐♥ ❛t t❤❡ ❊❙❙✱ r❛t❤❡r t❤❛♥
❣♦✐♥❣ t❤r♦✉❣❤ t❤❡ ❜r❛♥❝❤✐♥❣ ♣♦✐♥t✳ ❚❤✐s ♠❛t❤❡♠❛t✐❝❛❧ r❡s✉❧t s✉❜st❛♥t✐❛t❡s t❤❡ ♥✉♠❡r✐✲
❝❛❧ ♦❜s❡r✈❛t✐♦♥ t❤❛t ❜r❛♥❝❤✐♥❣ ✐s ✉s✉❛❧❧② ❛ ✈❡r② s❧♦✇ ♣❤❡♥♦♠❡♥♦♥❀ t❤✉s✱ ✇❤❡♥ ♠✉t❛t✐♦♥s
st❡♣s ❛r❡ s♠❛❧❧✱ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts ❛r❡ s♦ ❞✐✣❝✉❧t t♦ r❡❛❝❤ ❛s t♦ ❧❡❛✈❡ t✐♠❡ ❢♦r t❤❡ s②st❡♠
t♦ st❛❜✐❧✐③❡ ❛t ❛♥ ❊❙❙ ✐❢ t❤❡r❡ ✐s ♦♥❡ ✇✐t❤✐♥ ♠✉t❛t✐♦♥❛❧ r❡❛❝❤✳ ❚❤❡r❡❢♦r❡✱ t♦ ❡♥s✉r❡ t❤❛t ❛
♣♦♣✉❧❛t✐♦♥ ✇✐t❤ ✉♥❦♥♦✇♥ ♠♦♥♦♠♦r♣❤✐❝ ❛♥❝❡str❛❧ st❛t❡ ✉♥❞❡r❣♦❡s ❡✈♦❧✉t✐♦♥❛r② ❜r❛♥❝❤✐♥❣✱
❛❧❧ ♦❢ t❤❡ ❛ttr❛❝t✐♥❣ ❡✈♦❧✉t✐♦♥❛r② s✐♥❣✉❧❛r✐t✐❡s s❤♦✉❧❞ ❜❡ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts✳
■♥ ❣❡♥❡r❛❧✱ t❤❡ ✐ss✉❡ ♦❢ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❞r✐❢t✐♥❣ ❛✇❛② ❢r♦♠ tr❛❥❡❝t♦r✐❡s ♣r❡❞✐❝t❡❞
❜② t❤❡ ❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ♦❢ t❤❡ ♣r♦❜✲
❛❜✐❧✐t② ♦❢ ❵r❛r❡ ❡✈❡♥ts✬ ❢♦r t❤❡ s❛♠♣❧❡ ♣❛t❤s ♦❢ t❤❡ ❞✐✛✉s✐♦♥✳ ❇② ❵r❛r❡ ❡✈❡♥ts✬ ✇❡ ♠❡❛♥
❞✐✛✉s✐♦♥ ♣❛t❤s ❞r✐❢t✐♥❣ ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❤
r❛r❡ ❡✈❡♥ts ✐s ❣♦✈❡r♥❡❞ ❜② ❛ ❧❛r❣❡ ❞❡✈✐❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ✭❲❡♥t③❡❧❧✱ ✶✾✼✻❛✱ ✶✾✼✻❜❀ ❋r❡✐❞❧✐♥ ❛♥❞
❲❡♥t③❡❧✱ ✶✾✽✹✮✿ ✇❤❡♥ ε ❣♦❡s t♦ 0✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ s❛♠♣❧❡ ♣❛t❤ ♦❢ t❤❡ ❞✐✛✉s✐♦♥
♣r♦❝❡ss ✐s ❝❧♦s❡ t♦ ❛ ❣✐✈❡♥ r❛r❡ ♣❛t❤ ϕ ❞❡❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛❧❧② t♦ ✵ ✇✐t❤ r❛t❡ I(ϕ)✱ ✇❤❡r❡
t❤❡ ❵r❛t❡ ❢✉♥❝t✐♦♥✬ I ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞✐✛✉s✐♦♥✳ ❚❤❡
❞✐✣❝✉❧t② ❧✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t A ✐s ♥✉❧❧ ❛t t❤❡ ❡✈♦❧✉t✐♦♥❛r② s✐♥❣✉❧❛r✲
✐t✐❡s ❛♥❞ t❤❛t t❤❡ ❞r✐❢t t❡r♠ B2 ✐s ❞✐s❝♦♥t✐♥✉♦✉s ❛t t❤❡ s❛♠❡ ♣♦✐♥ts✱ ❛♥❞ t❤❡ s❛♠❡ ♣r♦❜❧❡♠
❛r✐s❡s ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ l ♦❢ t❤❡ tr❛✐t s♣❛❝❡✳ ❚❤❡ ❧❛r❣❡ ❞❡✈✐❛t✐♦♥ ♣r✐♥❝✐♣❧❡
❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ❈❤❛♠♣❛❣♥❛t ✭✷✵✵✸✮ ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ t❤❡ tr❛✐t s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ ❛♥❞
✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ ♣❛t❤s ♦❢ Xεt ❝♦♥✈❡r❣❡ ✐♥ ♣r♦❜❛❜✐❧✐t② t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥ ✭✺✳✽✮ ✇❤❡♥ ε ❣♦❡s t♦ 0✳
❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ✉s❡❞ t♦ st✉❞② t❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ✇❤❡♥
t❤❡r❡ ❛r❡ ♠✉❧t✐♣❧❡ ❛ttr❛❝t✐✈❡ ❡✈♦❧✉t✐♦♥❛r② s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ tr❛✐t s♣❛❝❡
X ✐s ✷ ♦r ❣r❡❛t❡r✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❵q✉❛s✐✲♣♦t❡♥t✐❛❧✬ H(x, y) ❛s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡
r❛t❡ ❢✉♥❝t✐♦♥ I ♦✈❡r ❛❧❧ t❤❡ tr❛❥❡❝t♦r✐❡s ❧✐♥❦✐♥❣ x t♦ y✳ ❲❤❡♥ ε ✐s s♠❛❧❧✱ t❤❡ ♠♦st ❧✐❦❡❧②
♣❛t❤ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ❞✐✛✉s✐♦♥ ✇❤❡♥ ❡①✐t✐♥❣ t❤❡ ❜❛s✐♥ ♦❢ ❛ttr❛❝t✐♦♥ G ♦❢ s♦♠❡ ❡✈♦❧✉t✐♦♥❛r②
s✐♥❣✉❧❛r✐t② x∗✱ ✐s t❤❡ ♦♥❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ r❛t❡ ❢✉♥❝t✐♦♥ I ♦✈❡r ❛❧❧ t❤❡ tr❛❥❡❝t♦r✐❡s ❧✐♥❦✐♥❣ x∗
t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ G✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ❡①✐t G ❝❛♥ ❜❡ s❤♦✇♥ ✭❈❤❛♠♣❛❣♥❛t✱
✷✵✵✸✮ t♦ ❜❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ ♦r ❣r❡❛t❡r t❤❛♥ exp[H/ε] ❢♦r s♠❛❧❧ ε✱ ✇❤❡r❡ H ✐s t❤❡ ♠✐♥✐♠✉♠
♦❢ H(x∗, y) ♦✈❡r ❛❧❧ t❤❡ y ✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ G✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡①✐t ❡✈❡♥t ♦❝❝✉rs ✇✐t❤
♣r♦❜❛❜✐❧✐t② ❝♦♥✈❡r❣✐♥❣ t♦ ✶ ✐♥ ❛♥② ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ s♣❡❝✐❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❜❛s✐♥✬s ❜♦✉♥❞❛r②
✇❤❡r❡ t❤❡ q✉❛s✐✲♣♦t❡♥t✐❛❧ H(x∗, ·) ✐s ♠✐♥✐♠✉♠✱ s♦ t❤❛t ♦♥❡ ❝❛♥ ♣r❡❞✐❝t t❤❡ ♥❡①t ❜❛s✐♥
♦❢ ❛ttr❛❝t✐♦♥ ✈✐s✐t❡❞ ❜② t❤❡ ❞✐✛✉s✐♦♥✳ ❋r♦♠ ❛ ❜✐♦❧♦❣✐❝❛❧ st❛♥❞♣♦✐♥t✱ t❤✐s r❡s✉❧t ♣r♦✈✐❞❡s
❛ q✉❛♥t✐t❛t✐✈❡ t♦♦❧ ❢♦r ❛♥❛❧②③✐♥❣ t❤❡ ♠❛❝r♦❡✈♦❧✉t✐♦♥❛r② ♥♦t✐♦♥ ♦❢ ♣✉♥❝t✉❛t❡❞ ❡q✉✐❧✐❜r✐❛
✭❘❛♥❞ ❛♥❞ ❲✐❧s♦♥✱ ✶✾✾✸❀ ❙t❛♥❧❡②✱ ✶✾✼✾✮✳ ❚❤❡ ♠♦❞❡❧ ❣❡♥❡r❛❧❧② ♣r❡❞✐❝ts t❤❛t t❤❡ ♦r❞❡r ♦❢
♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ t✐♠❡ s♣❡♥t ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❡✈♦❧✉t✐♦♥❛r② ❡q✉✐❧✐❜r✐❛✱ ❜❡t✇❡❡♥ r❛♣✐❞
❡✈♦❧✉t✐♦♥❛r② ♠♦✈❡s✱ ✐s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ♠✉t❛t✐♦♥ st❡♣ st❛♥❞❛r❞ ❞❡✈✐❛✲
t✐♦♥✳ ❚❤✐s t❤❡♦r② ❛❧s♦ ♣r❡❞✐❝ts t❤❡ s❡q✉❡♥❝❡ ♦r❞❡r ♦❢ ❡✈♦❧✉t✐♦♥❛r② s✐♥❣✉❧❛r✐t✐❡s ✭❡q✉✐❧✐❜r✐❛
♦r ❣❡♥❡r❛❧ ❛ttr❛❝t♦rs✮ t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥❛r② ♣r♦❝❡ss ✐s ♠♦st ❧✐❦❡❧② t♦ ✈✐s✐t ✭❋r❡✐❞❧✐♥ ❛♥❞
❲❡♥t③❡❧✱ ✶✾✽✹✮✳
✻ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❝♦♥❝❧✉s✐♦♥
▼❛rt✐♥❣❛❧❡ ❛♥❞ ❧❛r❣❡ ❞❡✈✐❛t✐♦♥ t❤❡♦r✐❡s ♣r♦✈✐❞❡❞ ✉s ✇✐t❤ t❤❡ ♥❡✇ ♣r♦❜❛❜✐❧✐st✐❝ t♦♦❧s ✇❤✐❝❤
✇❡r❡ ♥❡❝❡ss❛r② ❢♦r ❞❡r✐✈✐♥❣ ❛♥❞ ✉♥✐❢②✐♥❣ ♠♦❞❡❧s ♦❢ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❢r♦♠ st♦❝❤❛st✐❝
✷✹
♥♦♥❧✐♥❡❛r ♣r♦❝❡ss❡s ♦♣❡r❛t✐♥❣ ❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧✳ ❉✐✛❡r❡♥t ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ♦❜t❛✐♥
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡♥♦r♠❛❧✐③❛t✐♦♥s ❛♣♣❧✐❡❞ t♦ t❤❡ st♦❝❤❛st✐❝ ✐♥❞✐✈✐❞✉❛❧✲❜❛s❡❞ ♠♦❞❡❧✳ ❍❡r❡✲
❛❢t❡r ✇❡ r❡✈✐❡✇ t❤❡ ❞✐✛❡r❡♥t ♠♦❞❡❧s t❤✉s ♦❜t❛✐♥❡❞ ❛♥❞ ❤✐❣❤❧✐❣❤t ❤♦✇ s♦♠❡ ♦❢ t❤❡♠ r❡❧❛t❡
t♦ ♠♦❞❡❧s ♣r❡✈✐♦✉s❧② ❦♥♦✇♥ ✐♥ q✉❛♥t✐t❛t✐✈❡ ❣❡♥❡t✐❝s ❛♥❞ ❡✈♦❧✉t✐♦♥❛r② ❡❝♦❧♦❣②✳ ❚❤❡♥ ✇❡
r❡✈✐❡✇ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ✐♥s✐❣❤ts t❤❛t ♦♥❡ ❝❛♥ ❣❛✐♥ ❢r♦♠ t❤❡ ✈❡r② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡s❡ ♠♦❞❡❧s✳
❋✐♥❛❧❧②✱ ✇❡ ♦✉t❧✐♥❡ s♦♠❡ ♣r♦♠✐s✐♥❣ ❞✐r❡❝t✐♦♥s ❢♦r t❤❡ ❛♥❛❧②s✐s ❛♥❞ ❢✉rt❤❡r ❡①t❡♥s✐♦♥s ♦❢
t❤❡s❡ ♠♦❞❡❧s✳
✻✳✶ ❯♥✐❢②✐♥❣ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ♦❢ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s
❆ ▼♦♥t❡✲❈❛r❧♦ ❛♣♣r♦❛❝❤ ②✐❡❧❞s ❛ ❤✐❡r❛r❝❤② ♦❢ ❡q✉❛t✐♦♥s ❞❡s❝r✐❜✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡
♠♦♠❡♥ts ♦❢ ♣♦♣✉❧❛t✐♦♥ ♥✉♠❜❡r ✐♥ tr❛✐t s♣❛❝❡✳ ❆ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ t❛❦❡♥ ❤❡✉r✐s✲
t✐❝❛❧❧② ❜② ❇♦❧❦❡r ❛♥❞ P❛❝❛❧❛ ✭✶✾✾✼✱ ✶✾✾✾✮✱ ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇ ✭✷✵✵✵✮ ❛♥❞ ▼❝❑❛♥❡ ❛♥❞
◆❡✇♠❛♥ ✭✷✵✵✹✮ t♦ ❝♦♥str✉❝t ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ♦❢ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s ✐♥ ♣❤②s✐❝❛❧ ✭❣❡✲
♦❣r❛♣❤✐❝✮ s♣❛❝❡ ✇❤✐❧❡ ❛❝❝♦✉♥t✐♥❣ ❢♦r ✐♥❞✐✈✐❞✉❛❧ ❞✐s♣❡rs❛❧✳ ❖✉r ♠❛t❤❡♠❛t✐❝❛❧ ❞❡r✐✈❛t✐♦♥
s❤❡❞s ❧✐❣❤t ♦♥ t❤❡ str✉❝t✉r❛❧ ❢❡❛t✉r❡s ♦❢ t❤❡ ♠♦❞❡❧ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠♦♠❡♥t
❝❧♦s✉r❡ s♦ ❝❤❛❧❧❡♥❣✐♥❣✱ ❡s♣❡❝✐❛❧❧② t❤❡ ❢❛❝t t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❡❛s✉r❡ ♠❛② ♥♦t
❤❛✈❡ ❛ ❞❡♥s✐t②✳
❆❧t❡r♥❛t✐✈❡❧② t♦ t❤❡ ▼♦♥t❡✲❈❛r❧♦ ❛♣♣r♦❛❝❤✱ ✈❛r✐♦✉s ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ♦❜t❛✐♥ ❢♦r
❞✐✛❡r❡♥t t✐♠❡s❝❛❧❡ s❡♣❛r❛t✐♦♥s✱ ✉♥❞❡r t❤❡ ❝♦♠♠♦♥ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ s②st❡♠ s✐③❡ ❜❡✲
✐♥❣ ❧❛r❣❡✳ ❚❤❡ ❧❛r❣❡✲♣♦♣✉❧❛t✐♦♥ ❧✐♠✐t ❜② ✐ts❡❧❢ ②✐❡❧❞s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❢r❡q✉❡♥❝②✲ ❛♥❞
❞❡♥s✐t②✲❞❡♣❡♥❞❡♥t s❡❧❡❝t✐♦♥ s❝❡♥❛r✐♦s ♦❢ ❑✐♠✉r❛✬s ✭✶✾✻✺✮ ❝♦♥t✐♥✉✉♠✲♦❢✲❛❧❧❡❧❡s ♠♦❞❡❧ ✭❛
♥♦♥❧✐♥❡❛r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✮✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ s♠❛❧❧ ♠✉t❛t✐♦♥❛❧ ❡✛❡❝ts✱ ✉♥✲
❞❡r ✇❤✐❝❤ ❑✐♠✉r❛ ❞❡r✐✈❡❞ ❛ ❞✐✛✉s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❤✐s ♠♦❞❡❧✱ ❝❛♥ ❜❡ ♠❛❞❡ ✇❤✐❧❡
s✐♠✉❧t❛♥❡♦✉s❧② ❛❝❝❡❧❡r❛t✐♥❣ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❝❡ss ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤✳ ❚❤✐s ❧❡❛❞s t♦ s❡♣❛✲
r❛t✐♥❣ t❤❡ t✐♠❡s❝❛❧❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ✭❛ss✉♠❡❞ t♦ ❜❡ ❢❛st✮ ❢r♦♠ t❤❡ t✐♠❡s❝❛❧❡
♦❢ ♣♦♣✉❧❛t✐♦♥ ❞❡♠♦❣r❛♣❤② ✭♦✈❡r ✇❤✐❝❤ s✐❣♥✐✜❝❛♥t ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤ ♦r ❞❡❝❧✐♥❡ ♦❝❝✉rs✮✳
❚❤✐s t✐♠❡s❝❛❧❡ s❡♣❛r❛t✐♦♥ ♠❛② ❜❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ t♦ st✉❞② t❤❡ ✐♥t❡r♣❧❛② ♦❢ ❡❝♦❧♦❣✐❝❛❧
❛♥❞ ❡✈♦❧✉t✐♦♥❛r② ♣r♦❝❡ss❡s ✐♥ ♠✐❝r♦♦r❣❛♥✐s♠s ✭❚✉r❝❤✐♥✱ ✷✵✵✸❀ ▼❛❝▲❡❛♥✱ ✷✵✵✺✮✱ ✐♥❝❧✉❞✐♥❣
♣❛t❤♦❣❡♥s ✐♥ ✇❤✐❝❤ t❤❡ ❝♦♥❝❡r♥ ♦❢ r❛♣✐❞ ❡✈♦❧✉t✐♦♥ ✉r❣❡s t❤❡ ♥❡❡❞ ❢♦r ❛♣♣r♦♣r✐❛t❡ ♠♦❞❡❧✐♥❣
t♦♦❧s✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡❧ ✐s ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ s✐♠✐❧❛r t♦ ❑✐♠✉r❛✬s ❛♣♣r♦①✐✲
♠❛t✐♦♥ ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ t♦ ❢r❡q✉❡♥❝②✲ ❛♥❞ ❞❡♥s✐t②✲❞❡♣❡♥❞❡♥t s❡❧❡❝t✐♦♥✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡
s❝❛❧✐♥❣ ❡①♣♦♥❡♥t ✭η✱ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✮ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ♣r♦♣❡r ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ❛♥❞
❞❡❛t❤ ❛s t❤❡ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ✐s ♠❛❞❡ ❧❛r❣❡r✱ ❤❛s ♥♦ ❡✛❡❝t ♦♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s✱
❡①❝❡♣t ✇❤❡♥ η = 1 ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ♠❛①✐♠✉♠ ❜✐rt❤✲❞❡❛t❤ ❛❝❝❡❧❡r❛t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱
t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧ ✐s str✉❝t✉r❛❧❧② ❞✐✛❡r❡♥t✱ ❛s ✐t t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛ st♦❝❤❛st✐❝ ♣❛rt✐❛❧
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❝❡ss ✐♥ t❤✐s ❝❛s❡ ✭❋✐❣✳ ✷ ✭❝✮✕✭❞✮✮
s❤♦✇ t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❤❛s ❛ ✜♥❡❧② ❜r❛♥❝❤❡❞✱ ❢r❛❝t❛❧ str✉❝t✉r❡ ✭✇❡ s✉s♣❡❝t
t❤❛t ✐ts ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ✐s ❜❡t✇❡❡♥ ✶ ❛♥❞ ✷✮❀ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❞✐s♣❧❛②s ✇✐❧❞ ✢✉❝t✉❛t✐♦♥s
✐♥ t♦t❛❧ s✐③❡✱ ❛♥❞ ❢❛❝❡s ❛ ❤✐❣❤ r✐s❦ ♦❢ r❛♣✐❞ ❡①t✐♥❝t✐♦♥✖❛ ♣❤❡♥♦♠❡♥♦♥ ❛❦✐♥ t♦ ❡✈♦❧✉t✐♦♥❛r②
s✉✐❝✐❞❡ ✭❉✐❡❝❦♠❛♥♥ ❛♥❞ ❋❡rr✐èr❡✱ ✷✵✵✹✮✳
❚❤❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ✭❢❛st✮ ✐♥❞✐✈✐❞✉❛❧ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ t✐♠❡s❝❛❧❡ ❛♥❞ s❧♦✇ ♣♦♣✉❧❛t✐♦♥
❞❡♠♦❣r❛♣❤② ❝❛♥ ❛❧s♦ ❜❡ ❛ss✉♠❡❞ ✉♥❞❡r ❛ r❛r❡✲ ✭r❛t❤❡r t❤❛♥ s♠❛❧❧✲✮ ♠✉t❛t✐♦♥ s❝❡♥❛r✐♦✳ ❆
♠♦❞❡❧ s✐♠✐❧❛r t♦ ❑✐♠✉r❛✬s ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♦❜t❛✐♥s✱ ❜✉t ✐♥ ✇❤✐❝❤ t❤❡ ❵❧♦ss✬ ♦❢
✐♥❞✐✈✐❞✉❛❧ ❜✐rt❤s ✇✐t❤ ❛♥② ❣✐✈❡♥ tr❛✐t ❞✉❡ t♦ ♠✉t❛t✐♦♥ ✐s ♥♦t ❛♣♣❛r❡♥t✳ ❚❤✐s r❡✢❡❝ts t❤❡ ❢❛❝t
t❤❛t ✇❤❡♥ t❤❡ ❜✐rt❤ ♣r♦❝❡ss ✐s ❢❛st ✇❤✐❧❡ t❤❡ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❜❡❝♦♠❡s ✐♥✜♥✐t❡s✐♠❛❧✱
✷✺
t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ❛♥② ❣✐✈❡♥ tr❛✐t ❞✉❡ t♦ ♠✉t❛t✐♦♥ ✐s ❝❛✉s❡❞ ♣r❡❞♦♠✐♥❛♥t❧②
❜② ❵✐♥❝♦♠✐♥❣✬ ♠✉t❛♥ts ❜♦r♥ ❢r♦♠ ♣r♦❣❡♥✐t♦rs ❝❛rr②✐♥❣ ♦t❤❡r tr❛✐t ✈❛❧✉❡s✳ ❆s ❜❡❢♦r❡✱ t❤❡
♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ✉♣♦♥ t❤❡ ❜✐rt❤✲❞❡❛t❤ ❛❝❝❡❧❡r❛t✐♦♥ ❡①♣♦♥❡♥t η✱ ❡①❝❡♣t
✇❤❡♥ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ❛r❡ ♠❛❞❡ ♠❛①✐♠❛❧❧② ❢❛st ✭η = 1✮✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ♠♦❞❡❧ ✐s ❛
st♦❝❤❛st✐❝ ♥♦♥❧✐♥❡❛r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳
❚❤❡ ♣r❡✈✐♦✉s ❧✐♠✐ts ♠❛❦❡ t❤❡ t✐♠❡s❝❛❧❡s ♦❢ ❵t②♣✐❝❛❧✬ ♠✉t❛t✐♦♥ st❡♣s ❛♥❞ ❵t②♣✐❝❛❧✬ ✈❛r✐✲
❛t✐♦♥ ✐♥ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ❝♦✐♥❝✐❞❡✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ✐s t♦ ❛ss✉♠❡ t❤❛t ✈❛r✐❛t✐♦♥ ✐♥
♣♦♣✉❧❛t✐♦♥ s✐③❡ ♦❝❝✉rs ♦♥ ❛ ❢❛st t✐♠❡s❝❛❧❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ t✐♠❡s❝❛❧❡ ♦❢ ♠✉t❛t✐♦♥ st❡♣s✳
❚❤✐s ✐s t❤❡ ❜❛s✐s ❢♦r ♠♦❞❡❧✐♥❣ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❛s st♦❝❤❛st✐❝ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡✲
q✉❡♥❝❡s ✭▼❡t③ ❡t ❛❧✳✱ ✶✾✾✻✮✱ ✇❤✐❝❤ ✉♥❞❡r❧✐❡s t❤❡ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ❛♣♣r♦❛❝❤✳ ❲❡ s❤♦✇
t❤❛t s✉❝❤ tr❛✐t s✉❜st✐t✉t✐♦♥ s❡q✉❡♥❝❡s ❛r❡ tr❛❥❡❝t♦r✐❡s ♦❢ ❛ ❥✉♠♣ ♣r♦❝❡ss ✇❤✐❝❤ ♦❜t❛✐♥s ✉♥✲
❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛♥ ❛♥❝❡str❛❧ ♣♦♣✉❧❛t✐♦♥ ❜❡✐♥❣ ♠♦♥♦♠♦r♣❤✐❝✳ ❖✉r ❛♣♣r♦❛❝❤ ❝❧❡❛r❧②
✐s♦❧❛t❡s ❛♥❞ s♦❧✈❡s t❤❡ t✇♦ ❦❡② ✐ss✉❡s r❛✐s❡❞ ❜② t❤❡ ❤❡✉r✐st✐❝s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞❡r✐✈❛t✐♦♥
♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ♠♦❞❡❧s ✭❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇✱ ✶✾✾✻✮✳ ❖♥❡ ✐ss✉❡ ✐s ✉♥❞❡rs❝♦r❡❞ ❜②
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ❥✉♠♣ ♣r♦❝❡ss✳ ■♥ ❉✐❡❝❦♠❛♥♥✲▲❛✇✬s
❤❡✉r✐st✐❝s✱ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤ ♦❢ ❛ ♠✉t❛♥t ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ●❛❧t♦♥✲❲❛ts♦♥ ❜r❛♥❝❤✐♥❣
♣r♦❝❡ss✱ ✇❤✐❝❤ ❛♣♣r♦♣r✐❛t❡❧② ❛ss✉♠❡s t❤❛t t❤❡ ♠✉t❛♥t ♣♦♣✉❧❛t✐♦♥ ✐s ✜♥✐t❡❀ ❛t t❤❡ s❛♠❡
t✐♠❡✱ ❤♦✇❡✈❡r✱ t❤❡ ♠✉t❛♥t ❜r❛♥❝❤✐♥❣ ♣r♦❝❡ss ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ r❡s✲
✐❞❡♥t ♣♦♣✉❧❛t✐♦♥ ✇❤✐❝❤ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥✜♥✐t❡❧② ❧❛r❣❡✳ ❘❡s♦❧✈✐♥❣ t❤❡ t❡♥s✐♦♥ ❜❡t✇❡❡♥
t❤❡s❡ ❝♦♥✢✐❝t✐♥❣ ❛ss✉♠♣t✐♦♥s r❡q✉✐r❡s t❤❛t t❤❡ ✇❤♦❧❡ s②st❡♠ ❜❡ r❡❣❛r❞❡❞ ❛s ✜♥✐t❡✱ ✇❤✐❝❤
t❤❡♥ r❛✐s❡s t❤❡ ✐ss✉❡ t❤❛t t❤❡ r❡s✐❞❡♥t ♣♦♣✉❧❛t✐♦♥✱ ❜❡✐♥❣ ❧❛r❣❡ ②❡t ✜♥✐t❡✱ ♠❛② st♦❝❤❛st✐❝❛❧❧②
❞r✐❢t ❛✇❛② ❢r♦♠ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉✐❧✐❜r✐✉♠ ♣r❡❞✐❝t❡❞ ❜② t❤❡ ✐♥✜♥✐t❡❧② ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥
❧✐♠✐t✳ ❚❤❡ ✐ss✉❡ ✐s t❛❦❡♥ ❝❛r❡ ♦❢ ❜② ✉s✐♥❣ ❧❛r❣❡ ❞❡✈✐❛t✐♦♥ t❤❡♦r② t♦ s♣❡❝✐❢② t❤❡ ❛♣♣r♦♣r✐❛t❡
♠✉t❛t✐♦♥ t✐♠❡s❝❛❧❡ ♦✈❡r ✇❤✐❝❤ t❤✐s ✐s ✉♥❧✐❦❡❧② t♦ ❤❛♣♣❡♥✳
❚❤❡ s❡❝♦♥❞ ✐ss✉❡ ✇✐t❤ t❤❡ ❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥ ❤❡✉r✐st✐❝s ✭❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇✱ ✶✾✾✻✮
✇❛s t❤❡ ♥♦t✐♦♥ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ s❤♦✉❧❞ ❞❡s❝r✐❜❡ t❤❡ ♠❡❛♥ tr❛✐t ✈❛❧✉❡ ✐♥
t❤❡ ♣♦♣✉❧❛t✐♦♥ ❢♦r s♠❛❧❧ ♠✉t❛t✐♦♥ st❡♣s✳ ❖✉r ❞❡r✐✈❛t✐♦♥ s❤♦✇s t❤❛t✱ ✐♥ ❢❛❝t✱ t❤❡ ❝❛♥♦♥✐❝❛❧
❡q✉❛t✐♦♥ ❞r✐✈❡s t❤❡ ❡①❛❝t ♣❛t❤ ♦❢ t❤❡ ❥✉♠♣ ♣r♦❝❡ss ✐♥ t❤❡ ❧✐♠✐t ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♠✉t❛t✐♦♥
st❡♣s✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ❢♦r ❉✐❡❝❦♠❛♥♥ ❛♥❞ ▲❛✇✬s ✏♠❡❛♥ ♣❛t❤✑
✐♥t❡r♣r❡t❛t✐♦♥✳ ❖✉r ❞❡r✐✈❛t✐♦♥ ❢✉rt❤❡r ✐♠♣❧✐❡s t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥ ♦r❜✐ts ❞❡s❝r✐❜❡
♣♦♣✉❧❛t✐♦♥ ❝❤❛♥❣❡ ♦♥ ❛ ❵s✉♣❡r ❧♦♥❣✬ t✐♠❡s❝❛❧❡✿ ✜rst❧②✱ t✐♠❡ t ✐s s❝❛❧❡❞ ❛s t/KuK ✇❤❡r❡
uK = o(1/K) ✐s t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ ♠✉t❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② ✭r❛r❡ ♠✉t❛t✐♦♥ ❛ss✉♠♣t✐♦♥✮
❛♥❞ s❡❝♦♥❞❧②✱ t✐♠❡ ✐s s❝❛❧❡❞ ❜② 1/ε2 ✇❤❡r❡ ε ✐s t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ ♠✉t❛t✐♦♥ st❡♣s✳
❚❤✐s r❡s❝❛❧✐♥❣ ♠❛② ❜❡ t❛❦❡♥ ❛s ❛ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❵♠❛❝r♦❡✈♦❧✉t✐♦♥❛r②✬
t✐♠❡s❝❛❧❡✳
✻✳✷ ❇✐♦❧♦❣✐❝❛❧ ✐♥s✐❣❤ts ❢r♦♠ t❤❡ ♣r♦❝❡ss ♦❢ ♠♦❞❡❧ ❝♦♥str✉❝t✐♦♥
❆ ❣❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ t❤❛t ❡♠❡r❣❡s ❢r♦♠ t❤✐s ✇♦r❦ ✐s t❤❛t ❤♦✇ t✐♠❡s❝❛❧❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧
♣r♦❝❡ss❡s ❝♦♠♣❛r❡ t♦ ❡❛❝❤ ♦t❤❡r ❝❛♥ ❤❛✈❡ ❛ ♠❛❥♦r ✐♠♣❛❝t ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ♠❛❝r♦s❝♦♣✐❝
♠♦❞❡❧s ✭✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✈❡rs✉s r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✱ ❞❡t❡r♠✐♥✐st✐❝ ✈❡r✲
s✉s st♦❝❤❛st✐❝✮✱ ❤❡♥❝❡ ♦♥ t❤❡ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ♣r❡❞✐❝t❡❞ ❜② t❤❡s❡ ♠♦❞❡❧s✳ ❚❤✐s ✇❛s
❧✉❝✐❞❧② ❛♥t✐❝✐♣❛t❡❞ ❜② ❇❛rt♦♥ ❛♥❞ P♦❧❡❝❤♦✈❛ ✭✷✵✵✺✮ ✐♥ ❛ ❝♦♠♠❡♥t❛r② ♦❢ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢
❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ♠♦❞❡❧s✱ ❛♥❞ ✐s ❤❡r❡✐♥ ✐❧❧✉str❛t❡❞ ❜② s✐♠✉❧❛t✐♦♥s ✭❋✐❣s✳ ✶ ❛♥❞ ✷✮✱ t❤❛t
❤✐♥t ❛t ❛ ✇❤♦❧❡ ❛rr❛② ♦❢ str✐❦✐♥❣❧② ❞✐✛❡r❡♥t q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦rs✿
• ■♥ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥s✱ t❤❡ ♣r♦❝❡ss ♦❢ ❞✐✈❡rs✐✜❝❛t✐♦♥ ✐s ❢❛st❡r ✭❝♦♠♣❛r❡ ❋✐❣s✳ ✶ ✭❛✮
✷✻
❛♥❞ ✭❜✮✮ ❛♥❞ ❝❛♥ t✉r♥ ❢r♦♠ ❣r❛❞✉❛❧ ✭❋✐❣✳ ✶ ✭❜✮✮ t♦ ❞✐s❝♦♥t✐♥✉♦✉s ❛♥❞ st❡♣✲✇✐s❡
✭❋✐❣✳ ✶ ✭❝✮✮✳
• ❋♦r ❛ ❣✐✈❡♥ s②st❡♠ s✐③❡✱ ❡①tr❡♠❡ ♠✉t❛t✐♦♥ r❛r✐t② ❝❤❛♥❣❡s t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ ❞✐✈❡rs✐❢②✐♥❣
❞②♥❛♠✐❝s ✐♥ ✇❤✐❝❤ ❜♦t❤ st❛❜✐❧✐③✐♥❣ s❡❧❡❝t✐♦♥ ❛♥❞ ❞✐sr✉♣t✐✈❡ s❡❧❡❝t✐♦♥ ♣❧❛② str♦♥❣ r♦❧❡s
✭❋✐❣✳ ✶ ✭❜✮✮✱ t♦ ❛ ♣❛tt❡r♥ ❞♦♠✐♥❛t❡❞ ❜② st❛❜✐❧✐③✐♥❣ s❡❧❡❝t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ♣♦♣✉❧❛t✐♦♥
r❡♠❛✐♥s ❡ss❡♥t✐❛❧❧② ♠♦♥♦♠♦r♣❤✐❝ ✭❋✐❣✳ ✶ ✭❞✮✮✳
• ❲❤❡♥ r❛r❡ ♠✉t❛t✐♦♥s ♦❝❝✉r ✐♥ ❛ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧s r❡♣r♦❞✉❝✐♥❣ ❛♥❞
❞②✐♥❣ ❛t ❤✐❣❤ r❛t❡s✱ ♣❤❡♥♦t②♣✐❝ ❞✐✈❡rs✐✜❝❛t✐♦♥ ♦❝❝✉rs✱ ❛❧t❤♦✉❣❤ ♠♦r❡ s❧♦✇❧② ❛♥❞ t♦
❛ ❧❡ss❡r ❡①t❡♥t ✭❋✐❣✳ ✷ ✭❜✮✮✳
• ■♥ ❛ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧s r❡♣r♦❞✉❝✐♥❣ ❛♥❞ ❞②✐♥❣ ❢❛st✱ ♠✉t❛t✐♦♥s t❤❛t ❛r❡
s♠❛❧❧ r❛t❤❡r t❤❛♥ r❛r❡ ✇✐❧❧ ❝❛✉s❡ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ♣❛tt❡r♥ ♦❢ ❞✐✈❡rs✐✜❝❛t✐♦♥ s✐♠✐❧❛r
t♦ ❋✐❣✳ ✶ ✭❝✮✱ s❡❡ ❋✐❣✳ ✷ ✭❛✮✳ ❍♦✇❡✈❡r✱ ❛s ♠✉t❛t✐♦♥ ♣❛r❛♠❡t❡rs µ ❛♥❞ σ ❜❡❝♦♠❡
s♠❛❧❧❡r✱ t❤❡ t❡♥❞❡♥❝② ❢♦r ❞✐✈❡rs✐✜❝❛t✐♦♥ ✐s str♦♥❣❧② ❧✐♠✐t❡❞✱ ✇❤✐❝❤ ❞❡♠♦♥str❛t❡s t❤❛t
t❤❡ t✐♠❡s❝❛❧❡ ♦❢ ❞✐✈❡rs✐✜❝❛t✐♦♥ ✐s ❤✐❣❤❧② s❡♥s✐t✐✈❡ t♦ t❤❡ ♠✉t❛t✐♦♥ ♣❛tt❡r♥✳
• ❍♦✇❡✈❡r✱ ♠❛①✐♠❛❧ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♠✐♥✐♠❛❧ ♠✉t❛t✐♦♥
st❡♣s ✐♥ ❧❛r❣❡ s②st❡♠s ❣❡♥❡r❛t❡s ②❡t ❛♥♦t❤❡r t②♣❡ ♦❢ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s✱ ✐♥✈♦❧✈✐♥❣
❛ ❤✐❣❤ r❛t❡ ♦❢ ❞✐✈❡rs✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐♥t♦ ✜♥❡ ♣❤❡♥♦t②♣✐❝ ❝❧✉st❡rs ❝♦♠❜✐♥❡❞
✇✐t❤ ❛ ❤✐❣❤ r❛t❡ ♦❢ ❡①t✐♥❝t✐♦♥ ♦❢ t❤❡s❡ ❝❧✉st❡rs❀ t❤❡ r❡s✉❧t✐♥❣ ❡✈♦❧✉t✐♦♥❛r② ♣❛tt❡r♥ ❤❛s
❛ r❡♠❛r❦❛❜❧❡ ❢r❛❝t❛❧ str✉❝t✉r❡✱ ❛s s❡❡♥ ✐♥ ❋✐❣✳ ✷ ✭❝✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣❛tt❡r♥ s❤♦✇♥
✐♥ t❤❛t ✜❣✉r❡ s✉❣❣❡sts t❤❛t t❤❡r❡ ♠✐❣❤t ❡①✐st ❛ ❣❡♥❡r❛❧ s❝❛❧✐♥❣ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
t❤❡ ✇✐❞t❤ ♦❢ ♣❤❡♥♦t②♣✐❝ ❝❧✉st❡rs ❛♥❞ t❤❡✐r r❛t❡ ♦❢ ❡①t✐♥❝t✐♦♥✳
❆ s✐♠♣❧✐st✐❝ ❛s♣❡❝t ♦❢ ♦✉r ♠♦❞❡❧s r❡s✐❞❡s ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♣❤②s✐♦❧♦❣✐❝❛❧✱ s♦❝✐❛❧ ♦r
❡♥✈✐r♦♥♠❡♥t❛❧ str✉❝t✉r❡✿ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧✐❢❡ ❤✐st♦r② ✐s r❡❞✉❝❡❞ t♦ t❤❡ s✐♠♣❧❡st ♣♦ss✐❜❧❡
❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss✳ ❆❧t❤♦✉❣❤ t❤✐s s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥ ♥❛rr♦✇s ❞♦✇♥ t❤❡ s❝♦♣❡
♦❢ ♦✉r t❤❡♦r②✱ ✐t ❤❛s t❤❡ ♠❡r✐t ♦❢ ♠❛❦✐♥❣ t❤❡ ♠♦❞❡❧s t❤✉s ♦❜t❛✐♥❡❞ ❞✐r❡❝t❧② ❝♦♠♣❛r❛❜❧❡ t♦
t❤❡ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧s ♦❢ ♣♦♣✉❧❛t✐♦♥ ❣❡♥❡t✐❝s✱ q✉❛♥t✐t❛t✐✈❡ ❣❡♥❡t✐❝s ❛♥❞ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s✱
✇❤✐❝❤ ✇❡r❡ ❞❡r✐✈❡❞ ✉♥❞❡r ❛ s✐♠✐❧❛r ❛ss✉♠♣t✐♦♥✳ ▼✉❝❤ ❣❡♥❡r❛❧✐t②✱ ❤♦✇❡✈❡r✱ ✐s ❦❡♣t ✐♥
♦✉r tr❡❛t♠❡♥t ♦❢ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ✐♥ t❤❡ ✇❛② ❛❞❛♣t✐✈❡ tr❛✐ts ✐♥✢✉❡♥❝❡ ✐♥❞✐✈✐❞✉❛❧
♣r♦❝❡ss❡s✳
❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❜✐rt❤ ❛♥❞ ❞❡❛t❤✱ t❤❡ ♠♦st ❣❡♥❡r❛❧ ❝❛s❡ ✇❡ ❝♦✉❧❞
❤❛♥❞❧❡ ✐♥✈♦❧✈❡❞ r❡s❝❛❧✐♥❣ t❤❡ ❜✐rt❤ r❛t❡ ❛s
bK = b
(
x,
U
K
∗ ν
)
+ r(x)Kη ✭✻✳✶✮
✭❛♥❞ s✐♠✐❧❛r r❡s❝❛❧✐♥❣ ❢♦r t❤❡ ❞❡❛t❤ r❛t❡✮✳ ❚❤✐s r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❜✐rt❤ ❛♥❞ s②st❡♠
s✐③❡ ❧❡♥❞s ✐ts❡❧❢ t♦ ✐♥t❡r♣r❡t❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛❧❧♦♠❡tr✐❡s ❛♥❞ ❧✐❢❡✲❤✐st♦r② s❝❛❧✐♥❣
✭❈❛❧❞❡r✱ ✶✾✽✹❀ ❈❤❛r♥♦✈✱ ✶✾✾✸❀ ❇r♦✇♥ ❡t ❛❧✳✱ ✷✵✵✹✮✳ ❊q✉❛t✐♦♥ ✭✻✳✶✮ ♠❡❛♥s t❤❛t ❢♦r ❧❛r❣❡
s②st❡♠ s✐③❡✱ ❞❡♥s✐t② ❞❡♣❡♥❞❡♥❝❡ ✐s ❡✛❡❝t✐✈❡❧② ❵❢❡❧t✬ ❜② ❛♥② ✐♥❞✐✈✐❞✉❛❧ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
t❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❡t✐t♦rs ✭r❛t❤❡r t❤❛♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❡✛❡❝t ♦❢ ❡❛❝❤ ❝♦♠♣❡t✐t♦r✮✱
✇❤✐❝❤ s✉❣❣❡st t❤❛t ❧❛r❣❡ s②st❡♠ s✐③❡ ✐♠♣❧✐❝✐t❧② ❝♦♠❡s ❛❧♦♥❣ ✇✐t❤ ✐♥❞✐✈✐❞✉❛❧s ❜❡✐♥❣ s♠❛❧❧✳
▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❵t❛①♦♥♦♠✐❝ s✐③❡✬ ✭♦r ♠❛ss✮ m t♦ ❡①♣r❡ss s✉❝❤ ❛ r❡❧❛t✐♦♥s❤✐♣
♠♦r❡ ♣r❡❝✐s❡❧②✳ ❖♥❡ ❝❛♥ t❤✐♥❦ ♦❢ m ❛s ❛ ♠❛❝r♦s❝♦♣✐❝ ♣❛r❛♠❡t❡r ✭❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ❛ s♣❡❝✐❡s
✷✼
♦r t❛①♦♥♦♠✐❝ ❣r♦✉♣✮ ✇❤✐❝❤ ✐s ✜①❡❞ ♦♥ t❤❡ ♠✐❝r♦❡✈♦❧✉t✐♦♥❛r② s❝❛❧❡ ♦✈❡r ✇❤✐❝❤ x ❝❛♥ ❝❤❛♥❣❡
❛❞❛♣t✐✈❡❧②✳ ■t ✐s ❦♥♦✇♥ ✭❉❛♠✉t❤✱ ✶✾✽✼❀ ❇❡❧❣r❛♥♦ ❡t ❛❧✳✱ ✷✵✵✷✮ t❤❛t t❤❡ s②st❡♠ s✐③❡✱ K✱
s❝❛❧❡s ✇✐t❤ t❤❡ −3/4 ♣♦✇❡r ♦❢ ✭t❛①♦♥♦♠✐❝✮ ❜♦❞② ♠❛ss✱ m✳ ❚❤✉s✱ ❛❝r♦ss t❤❡ r❛♥❣❡ ♦❢
❧❛r❣❡ s②st❡♠ s✐③❡s✱ ✐✳❡✳✱ s♠❛❧❧ ♦r❣❛♥✐s♠s✱ t❤❡ ❜✐rt❤ r❛t❡ ❣✐✈❡♥ ❜② ❊q✳ ✭✻✳✶✮ ✐s ❛♣♣r♦①✐♠❛t❡❧②
❡q✉❛❧ t♦ r(x)m−3η/4✳ ❚❤✉s✱ t❤✐s ♠♦❞❡❧ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❡①♣❧♦r❡ t❤❡ ❛❞❛♣t✐✈❡ ❡✈♦❧✉t✐♦♥
♦❢ t❤❡ ✐♥t❡r❝❡♣t✱ r(x)✱ ✭❛t ❧❡❛st ♦✈❡r ❛ r❛♥❣❡ ♦❢ s✉✣❝✐❡♥t❧② s♠❛❧❧ ♠❛ss✮ ♦❢ t❤❡ ♣♦✇❡r ❧❛✇
t❤❛t s❝❛❧❡s ❜✐rt❤ r❛t❡ ✇✐t❤ ❜♦❞② ♠❛ss✖❛♥ ✐ss✉❡ ❝✉rr❡♥t❧② ❛ttr❛❝t✐♥❣ ♠✉❝❤ ❛tt❡♥t✐♦♥ ❢r♦♠
❧✐❢❡✲❤✐st♦r② ❜✐♦❧♦❣✐sts ✭❊❝♦♥♦♠♦ ❡t ❛❧✳✱ ✷✵✵✺❀ ▼❝❈❛rt❤② ❛♥❞ ❊♥q✉✐st✱ ✷✵✵✺✮✳
❚❤❡ ✐❞❡❛ t❤❛t ♠♦st ♠✉t❛t✐♦♥s ❛r❡ ❝❛✉s❡❞ ❜② ♠♦❧❡❝✉❧❛r ♣r♦❝❡ss❡s t❤❛t ✉❧t✐♠❛t❡❧② ❛r❡
❝♦♥s❡q✉❡♥❝❡s ♦❢ ♠❡t❛❜♦❧✐s♠ ❤❛✈❡ ❧❡❞ ●✐❧❧♦♦❧② ❡t ❛❧✳ ✭✷✵✵✺✮ t♦ ♣r❡❞✐❝t t❤❛t ♣♦✐♥t ♠✉t❛t✐♦♥s
♦❝❝✉r ❛t ❛ r❛t❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ ♠❡t❛❜♦❧✐❝ r❛t❡✱ ✐✳❡✳ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ❡♥❡r❣② ❛♥❞ ♠❛t❡r✐❛❧s
❛r❡ t❛❦❡♥ ✉♣ ❢r♦♠ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ✉s❡❞ ❢♦r ♠❛✐♥t❡♥❛♥❝❡✱ ❣r♦✇t❤ ❛♥❞ r❡♣r♦❞✉❝t✐♦♥✳
❚❤❡ ♠❡t❛❜♦❧✐❝ r❛t❡✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♣♦✐♥t ♠✉t❛t✐♦♥ r❛t❡ s❤♦✉❧❞ s❝❛❧❡ ❛s t❤❡ −1/4 ♣♦✇❡r
♦❢ ❜♦❞② ♠❛ss✱ m✱ ❤❡♥❝❡ ❛s t❤❡ +1/3 ♣♦✇❡r ♦❢ s②st❡♠ s✐③❡✱ K ✭●✐❧❧♦♦❧② ❡t ❛❧✳✱ ✷✵✵✶✮✳
Pr♦✈✐❞❡❞ t❤❛t t❤❡ ♠✉t❛t✐♦♥ st❡♣ ✈❛r✐❛♥❝❡ s❝❛❧❡s ❛s K−η✱ t❤✐s ♣❛tt❡r♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤
♠♦❞❡❧ ✭✻✳✶✮ ✇✐t❤ η = 1/3✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧s
s✉❜❥❡❝t t♦ ❢❛st ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ♣r♦❝❡ss❡s ❛♥❞ r❛r❡ ♠✉t❛t✐♦♥✱ t❤❡ ♠✉t❛t✐♦♥ r❛t❡✱ bKµK ✱
✐s ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ rµ ❛♥❞ ❤❡♥❝❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ s②st❡♠ s✐③❡✳ ❙✉❝❤ t❡♥s✐♦♥
✇✐t❤ ●✐❧❧♦♦❧② ❡t ❛❧✳✬s ✭✷✵✵✺✮ ♣r❡❞✐❝t✐♦♥s ♠❛② st❡♠ ❢r♦♠ t❤❡✐r ❞✐s♣✉t❛❜❧② ❝♦♠❜✐♥✐♥❣ t❤❡
♠❡t❛❜♦❧✐❝ ❛♣♣r♦❛❝❤ t♦ s❝❛❧✐♥❣ ♠✉t❛t✐♦♥ r❛t❡s ✇✐t❤ ❑✐♠✉r❛✬s ♥❡✉tr❛❧ t❤❡♦r② ♦❢ ♠♦❧❡❝✉❧❛r
❡✈♦❧✉t✐♦♥ ✭❑✐♠✉r❛✱ ✶✾✻✽✮❀ ✐♥ ❢❛❝t✱ ❜♦❞② ♠❛ss ❛♥❞ ♠❡t❛❜♦❧✐❝ r❛t❡s ❞♦ ❝❤❛♥❣❡ ✐♥ ❛ ♣r♦❝❡ss
♦❢ ♥♦♥✲♥❡✉tr❛❧ ❡✈♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✇❛rr❛♥ts s❡❡❦✐♥❣ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ●✐❧❧♦♦❧② ❡t ❛❧✳✬s ✭✷✵✵✺✮
t❤❡♦r② ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦ ♣r❡s❡♥t❡❞ ❤❡r❡✳
❆❧❧ ♠✉t❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ♣♦t❡♥t✐❛❧❧② ✐♥✢✉❡♥❝❡❞ ❜② tr❛✐t ✈❛❧✉❡s✱ ✇❤✐❝❤
♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ st✉❞② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠✉t❛❣❡♥❡s✐s ♣r♦❝❡ss ✐ts❡❧❢✳ ❆♥ ✐♠♣♦rt❛♥t
❢❡❛t✉r❡ ♦❢ ♦✉r t❤❡♦r② ✐s t❤❛t ✐t ❞♦❡s ♥♦t ❛ss✉♠❡ t❤❛t ♠✉t❛t✐♦♥❛❧ ❡✛❡❝ts ❛r❡ s②♠♠❡tr✐❝❛❧
❛r♦✉♥❞ t❤❡ ♣r♦❣❡♥✐t♦r✬s tr❛✐t ✈❛❧✉❡s✳ ❘❡❧❛①✐♥❣ t❤❡ s②♠♠❡tr② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ♠✉t❛t✐♦♥
❞✐str✐❜✉t✐♦♥ ❧❡❛❞s t♦ ❡①t❡♥❞✐♥❣ t❤❡ ❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥s t♦ t❤❡ ❝❛s❡ ♦❢ ❜✐❛s❡❞ ♠✉t❛t✐♦♥✳
❚❤✐s ♠❛② ❜❡ ✐♠♣♦rt❛♥t ❢♦r s❡✈❡r❛❧ r❡❛s♦♥s ✭P♦♠✐❛♥❦♦✇s❦✐ ❡t ❛❧✳✱ ✶✾✾✶✮✱ t✇♦ ♦❢ t❤❡♠ ❜❡✐♥❣
str✉❝t✉r❛❧✿ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ❛♥② ♠✉t❛t✐♦♥ ❜✐❛s ✭♦r t❤❡ ❧❛❝❦ t❤❡r❡♦❢✮ ✐s s❝❛❧❡ ❞❡♣❡♥❞❡♥t✳
■❢ ♠✉t❛t✐♦♥ ✐s ✉♥❜✐❛s❡❞ ❣✐✈❡♥ ♦♥❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝❤❛r❛❝t❡r ❛♥❞ ♦♥❡ s❝❛❧❡ ♦❢ ♠❡❛s✉r❡♠❡♥t
t❤❡♥ ✐t ♠✉st ❜❡ ❜✐❛s❡❞ ❢♦r ♠❛♥② ♦t❤❡r ❞❡✜♥✐t✐♦♥s ❛♥❞ s❝❛❧❡s✳ ❆❧s♦✱ ♠✉t❛t✐♦♥ ❜✐❛s ♠❛② ❜❡
tr❛✐t✲❞❡♣❡♥❞❡♥t✿ t❤❡r❡ ♠❛② ❜❡ ❧✐tt❧❡ ❜✐❛s ❛✇❛② ❢r♦♠ ❡✈♦❧✉t✐♦♥❛r② s✐♥❣✉❧❛r✐t✐❡s✱ ❜✉t str♦♥❣
❜✐❛s ❝❧♦s❡ t♦ s✐♥❣✉❧❛r✐t✐❡s t❤❛t ❛r❡ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ t❤❡ tr❛✐t s❡t✳ ❚❤❡r❡ ❛r❡ ❣❡♥❡t✐❝ r❡❛s♦♥s
❢♦r ✇❤✐❝❤ t❤❡ ♦♣♣♦s✐t❡ ♠❛② ❤❛♣♣❡♥ t♦♦✳ ▼✉❦❛✐ ✭✶✾✻✹✮ ♣r❡❞✐❝t❡❞ t❤❛t ❞✉r✐♥❣ ❡♣✐s♦❞❡s ♦❢
❞✐r❡❝t✐♦♥❛❧ s❡❧❡❝t✐♦♥✱ ❝❤❛r❛❝t❡rs s❤♦✉❧❞ s❤♦✇ ❛ ♥❡❣❛t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♠✉t❛t✐♦♥ ❜✐❛s
❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ s❡❧❡❝t✐♦♥❀ t❤❡r❡ ♠❛② ❜❡ ✇❡❛❦ ♠✉t❛t✐♦♥ ❜✐❛s ❝❧♦s❡ t♦ t❤❡ ❛❞❛♣t✐✈❡
♦♣t✐♠✉♠✱ ❜✉t str♦♥❣ ❜✐❛s ❛✇❛② ❢r♦♠ t❤❡ ♦♣t✐♠✉♠✳ ▼✉t❛❣❡♥❡s✐s st✉❞✐❡s ♣r♦✈✐❞❡ ❢✉rt❤❡r
❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ♠✉t❛t✐♦♥ ❜✐❛s ✐♥ q✉❛♥t✐t❛t✐✈❡ tr❛✐ts ✭s❡❡ ❡✳❣✳ P♦♠✐❛♥❦♦✇s❦✐ ❡t
❛❧✳✱ ✶✾✾✶✱ ❛♥❞ ▲❛✐ ❛♥❞ ▼❛❝❦❛②✱ ✶✾✾✵✮✳ ❲❤♦❧❡✲❣❡♥♦♠❡ s❡q✉❡♥❝❡ ❛♥❛❧②s✐s ✐♥ ❛ s✐♥❣❧❡✲str❛♥❞❡❞
❉◆❆ ❜❛❝t❡r✐♦♣❤❛❣❡ ❤❛s r❡❝❡♥t❧② ♣r♦✈✐❞❡❞ ❞✐r❡❝t ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ❡✛❡❝t ♦❢ ♠✉t❛t✐♦♥ ❜✐❛s
♦♥ t❤❡ ❝♦✉rs❡ ♦❢ ❛❞❛♣t✐✈❡ ❡✈♦❧✉t✐♦♥ ✭❘♦❦②t❛ ❡t ❛❧✳✱ ✷✵✵✺✮✳
❖♥❡ ❛s♣❡❝t t❤❛t ❞❡t❡r♠✐♥✐st✐❝ ❧✐♠✐ts ♦❢ s❡❧❡❝t✐♦♥ ❞②♥❛♠✐❝s ❢❛✐❧ t♦ ❛❝❝♦✉♥t ❢♦r ✐s r❛♥❞♦♠
❞r✐❢t✖t❤❡ st♦❝❤❛st✐❝ ✜①❛t✐♦♥ ♦❢ ❛♥ ❛❧❧❡❧❡ ✇✐t❤ ♥❡❣❛t✐✈❡ ✜t♥❡ss✱ ♦r ❛s ❛ ❝♦r♦❧❧❛r②✱ t❤❡ st♦❝❤❛s✲
t✐❝ ❡①t✐♥❝t✐♦♥ ♦❢ ❛♥ ❛❧❧❡❧❡ ✇✐t❤ ♣♦s✐t✐✈❡ ✜t♥❡ss✳ ❖✉r ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥
❛s ❛ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss r❡♣r❡s❡♥ts ❛ ✜rst st❡♣ t♦✇❛r❞s ❣❡♥❡r❛❧ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ t❤✐s ❡✛❡❝t ✐♥
✷✽
♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ❞❡r✐✈❡❞ ❢r♦♠ ✐♥❞✐✈✐❞✉❛❧ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♥❛t✉r❡
♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♠♦❞❡❧ s✉❣❣❡sts t♦ ❢♦❝✉s ❛♥❛❧②s✐s ♦♥ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ♠✉❧t✐st❛❜✐❧✐t② ✐♥ t❤❡
❝❛♥♦♥✐❝❛❧ ❡q✉❛t✐♦♥✱ t❤❛t ✐s✱ t❤❡ ❝♦❡①✐st❡♥❝❡ ♦❢ s❡✈❡r❛❧ ❛ttr❛❝t✐✈❡ ❡✈♦❧✉t✐♦♥❛r② s✐♥❣✉❧❛r✐t✐❡s✳
❚❤✐s ❢♦❝✉s ❤✐♥❣❡s ♦♥ t❤❡ ❝❡❧❡❜r❛t❡❞ ✐ss✉❡ ♦❢ ❞✐s❡♥t❛♥❣❧✐♥❣ t❤❡ ❡❝♦❧♦❣✐❝❛❧ ❛♥❞ ❡✈♦❧✉t✐♦♥❛r②
❝❛✉s❡s ❛♥❞ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❡♠♣✐r✐❝❛❧ r❡❝♦r❞s ♦❢ ♣✉♥❝t✉❛❧✐s♠✱ ✐✳❡✳✱ ❵s❛❧t❛t♦r②✬ ❞②♥❛♠✐❝s
❝❤❛r❛❝t❡r✐③❡❞ ❜② ❧♦♥❣ ♣❤❛s❡s ♦❢ ♣❤❡♥♦t②♣✐❝ st❛s✐s ✐♥t❡rs♣❡rs❡❞ ✇✐t❤ r❛♣✐❞ tr❛♥s✐t✐♦♥s ✭❡✳❣✳
❙t❛♥❧❡②✱ ✶✾✼✾✮✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❡✈❡♥ t❤♦✉❣❤ ♦✉r ❞✐✛✉s✐♦♥ ♠♦❞❡❧ ♦❢ ❛❞❛♣t✐✈❡ ❞②♥❛♠✐❝s ❛ss✉♠❡s
t❤❛t t❤❡ ♣♦♣✉❧❛t✐♦♥ r❡♠❛✐♥s ♠♦♥♦♠♦r♣❤✐❝✱ t❤❡ ♠♦❞❡❧✬s ♣r♦♣❡rt✐❡s ✉♥❞❡rs❝♦r❡ t❤❡ ♣♦ss✐❜✐❧✲
✐t② ♦❢ ❝♦♥tr❛st✐♥❣ ♠❛❝r♦❡✈♦❧✉t✐♦♥❛r② ♣❛tt❡r♥s ❞♦♠✐♥❛t❡❞ ❡✐t❤❡r ❜② ♣✉♥❝t✉❛t❡❞ ❡q✉✐❧✐❜r✐❛✱
♦r ❜② r❛❞✐❛t✐♦♥ ❡✈❡♥ts✳ ❘❛❞✐❛t✐♦♥ ♦❝❝✉rs ✇❤❡♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❞✐✈❡rs✐✜❡s ✐♥t♦ t✇♦ ♦r ♠♦r❡
♣❤❡♥♦t②♣✐❝ ❜r❛♥❝❤❡s ✭✇❤✐❝❤ ♠❛② ❝♦rr❡s♣♦♥❞ t♦ s♣❡❝✐❛t✐♦♥ ✐♥ s❡①✉❛❧❧② r❡♣r♦❞✉❝✐♥❣ s♣❡❝✐❡s✮
✭❡✳❣✳ ❙❝❤❧✉t❡r✱ ✷✵✵✵✮✳ ■t ♠✐❣❤t ❜❡ ♣♦ss✐❜❧❡ t♦ ❞❡✈❡❧♦♣ ❛ ❞✐✛✉s✐♦♥ ♠♦❞❡❧ ❛❧❧♦✇✐♥❣ ❢♦r ❡✈♦❧✉✲
t✐♦♥❛r② ❜r❛♥❝❤✐♥❣✱ ❢♦r ✇❤✐❝❤ ♦✉r ❛♥❛❧②s✐s ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞ t♦ ❝♦♠♣❛r❡ t❤❡ t✐♠❡ ♥❡❡❞❡❞
❢♦r ♣❤❡♥♦t②♣❡s t♦ ❞✐✈❡r❣❡ ❛r♦✉♥❞ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts ✇✐t❤ t❤❡ t✐♠❡ t❛❦❡♥ ❜② t❤❡ ♣♦♣✉❧❛t✐♦♥
t♦ ❥✉♠♣ ❜❡t✇❡❡♥ t❤❡ ❜❛s✐♥s ♦❢ t❤❡s❡ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts✳ ❆❧t❤♦✉❣❤ ❜r❛♥❝❤✐♥❣ ♠❛② ❜❡ ❛ ✉❜✐q✲
✉✐t♦✉s ♣r♦♣❡rt② ♦❢ ❛ttr❛❝t✐✈❡ ❡✈♦❧✉t✐♦♥❛r② s✐♥❣✉❧❛r✐t✐❡s ✭❉♦❡❜❡❧✐ ❛♥❞ ❉✐❡❝❦♠❛♥♥✱ ✷✵✵✵✮✱
t❤❡r❡ ♠✐❣❤t ❜❡ ❡❝♦❧♦❣✐❝❛❧ ❛♥❞ ❣❡♥❡t✐❝ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❡✈♦❧✉t✐♦♥ ✇♦✉❧❞ ♣r♦❝❡❡❞
t❤r♦✉❣❤ ♣✉♥❝t✉❛t❡❞ ❡q✉✐❧✐❜r✐❛ ❛♥❞ ❧♦♥❣✲t❡r♠ ❡✈♦❧✉t✐♦♥❛r② ❝②❝❧❡s✱ r❛t❤❡r t❤❛♥ ❜r❛♥❝❤✐♥❣
❛♥❞ r❛❞✐❛t✐♦♥✱ ✐♥ s♣❡❝✐❡s t❤❛t ②❡t ♣♦ss❡ss ♠✉❧t✐♣❧❡ ❜r❛♥❝❤✐♥❣ ♣♦✐♥ts✳
✻✳✸ ❈♦♥❝❧✉s✐♦♥s
❘❡❝❡♥t❧② P❛❣❡ ❛♥❞ ◆♦✇❛❦ ✭✷✵✵✷✮ s❤♦✇❡❞ t❤❛t ❛♣♣❛r❡♥t❧② ❞✐s♣❛r❛t❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧s
♦❢ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❛r❡✱ ✐♥ ❢❛❝t✱ ♣❛rt ♦❢ ❛ s✐♥❣❧❡ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦✱ ✇❤✐❧❡ ❡♠♣❤❛s✐③✐♥❣
t❤❛t ✏st♦❝❤❛st✐❝✱ s♣❛t✐❛❧ ♦r ✐♥❞✐✈✐❞✉❛❧✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s ✭✳ ✳ ✳ ✮ ❛r❡ ♥♦t♦r✐♦✉s❧② ♠♦r❡ ❞✐✣❝✉❧t
t♦ ❞❡✈❡❧♦♣ ❛♥❞ ❛♥❛❧②③❡✱ ❛♥❞ t❤❡r❡❢♦r❡ ♠✉❝❤ ❧❡ss ❛♠❡♥❛❜❧❡ t♦ ❛♥② ❛tt❡♠♣t ♦❢ ✉♥✐✜❝❛t✐♦♥✑✳
❇② ♠❛❦✐♥❣ ✉s❡ ♦❢ ❛❞✈❛♥❝❡❞ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s ♦❢ ♣r♦❜❛❜✐❧✐t② t❤❡♦r② ✭♠❛rt✐♥❣❛❧❡s✱ ❧❛r❣❡
❞❡✈✐❛t✐♦♥s✮✱ t❤✐s ✇♦r❦ ❛❝❤✐❡✈❡s ✉♥✐✜❝❛t✐♦♥ ♦❢ q✉❛♥t✐t❛t✐✈❡✲❣❡♥❡t✐❝s ❛♥❞ ❛❞❛♣t✐✈❡✲❞②♥❛♠✐❝s
♠♦❞❡❧s✱ t♦❣❡t❤❡r ✇✐t❤ ♦t❤❡r✱ ♣r❡✈✐♦✉s❧② ✉♥❦♥♦✇♥✱ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ♦❢ ❛❞❛♣t✐✈❡ ❡✈♦✲
❧✉t✐♦♥✳ ❖✉r ♣r❡s❡♥t❛t✐♦♥ ✉♥❞❡r❧✐♥❡s ❜✐♦❧♦❣✐❝❛❧ ✐♥s✐❣❤ts ❣❛✐♥❡❞ ❢r♦♠ t❤❡ ♣r♦❝❡ss ♦❢ ♠♦❞❡❧
❝♦♥str✉❝t✐♦♥ ✐ts❡❧❢✳ ❚❤❡ ♦❜✈✐♦✉s st❡♣ t♦ ❜❡ t❛❦❡♥ ♥❡①t ✐s ♠♦❞❡❧ ❛♥❛❧②s✐s✱ ❡✳❣✳ ❡st❛❜❧✐s❤✲
✐♥❣ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ❛♥❞ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡✐r str✉❝t✉r❡ ✭✐♥
t❤❡ ✇❛❦❡ ♦❢ ❇ür❣❡r ❛♥❞ ❇♦♠③❡✬s ✭✶✾✾✻✮ st✉❞② ♦❢ ❑✐♠✉r❛✬s ❡q✉❛t✐♦♥✮✱ ❜✉t t❤✐s ✐s ♥♦t tr✐✈✲
✐❛❧✳ ❊✈❡♥ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ st♦❝❤❛st✐❝ ♠❛❝r♦s❝♦♣✐❝ ♠♦❞❡❧s
♣r♦✈❡ t♦ r❛✐s❡ ❢♦r♠✐❞❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞✐✣❝✉❧t✐❡s✳ ❋✉rt❤❡r ❞✐r❡❝t✐♦♥s ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤
❛r❡ ♣r♦♠♣t❡❞ ❜② t❤❡ ❝❤❛❧❧❡♥❣❡ ♦❢ r❡❧❛①✐♥❣ t✇♦ ♣✐✈♦t❛❧ ❛ss✉♠♣t✐♦♥s ♦❢ ♦✉r ❛♣♣r♦❛❝❤✿ t❤❡
❧❛r❣❡ s②st❡♠ s✐③❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ t❤❡ s✐♠♣❧✐st✐❝ str✉❝t✉r❡ ♦❢ t❤❡ tr❛✐t s♣❛❝❡✳ ❚❤✉s✱
t❤❡ ♥❡①t ❣❡♥❡r❛t✐♦♥ ♦❢ ♠♦❞❡❧s s❤♦✉❧❞ ✭✐✮ ❛ss✉♠❡ ❧❛r❣❡ ②❡t ✜♥✐t❡ ♣♦♣✉❧❛t✐♦♥s✱ ❛♥❞ t❤❡r❡✲
❢♦r❡ st✉❞② ❜✐rt❤✲♠✉t❛t✐♦♥✲❞❡❛t❤ ♣r♦❝❡ss❡s ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♣♦♣✉❧❛t✐♦♥ ♥♦♥✲❡①t✐♥❝t✐♦♥ ✭❡✳❣✳
●♦ss❡❧✐♥✱ ✷✵✵✶✮❀ ❛♥❞ ✭✐✐✮ ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ ❝♦♠♣❧❡① str✉❝t✉r❡ ♦❢ r❡❛❧ ♣❤❡♥♦t②♣✐❝ s♣❛❝❡ ❛♥❞
❣❡♥♦t②♣❡✲♣❤❡♥♦t②♣❡ ♠❛♣♣✐♥❣ ✭❡✳❣✳ ❙t❛❞❧❡r ❡t ❛❧✳✱ ✷✵✵✶✮ t♦ ❛❝❝♦✉♥t ❢♦r ❞❡✈❡❧♦♣♠❡♥t❛❧ ♥♦✐s❡
❛♥❞ ♣❧❛st✐❝✐t② ✐♥ ✈❛r✐❛❜❧❡ ❡♥✈✐r♦♥♠❡♥ts ✭❡✳❣✳ P✐❣❧✐✉❝❝✐✱ ✷✵✵✸✮✱ ❛♥❞ t❤❡r❡❢♦r❡ ✉s❡ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s ♦♥ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❢✉♥❝t✐♦♥ s♣❛❝❡s t♦ ♠♦❞❡❧ ✐♥❞✐✈✐❞✉❛❧ tr❛✐ts✳ ❚❤✐s ❛❣❡♥❞❛
❞❡❧✐♥❡❛t❡s s♦♠❡ ♦❢ t❤❡ ♥❡✇ ❢r♦♥t✐❡rs ❢❛❝✐♥❣ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣❧♦r❛t✐♦♥ ♦❢ ❛❞❛♣t✐✈❡ ❡✈♦✲
❧✉t✐♦♥✳
✷✾
❆♣♣❡♥❞✐①
❲❡ ❞❡✈❡❧♦♣ ❤❡r❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts t♦ ✭✹✳✺✮ ❛♥❞ ✭✹✳✻✮ st❛t❡❞ ✐♥ ❙❡❝✲
t✐♦♥ ✹✳✷✳✶✳ ❚❤❡ ♦t❤❡r r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✹ ♦❜t❛✐♥ ❜② s✐♠✐❧❛r ❛r❣✉♠❡♥ts✳
❲❡ ❞❡♥♦t❡ ❜② MF = MF (Rl) t❤❡ s❡t ♦❢ ✜♥✐t❡ ♠❡❛s✉r❡s ♦♥ Rl = X ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡
✇❡❛❦ t♦♣♦❧♦❣②✱ ❛♥❞ ❜② D([0, T ],MF ) t❤❡ s❡t ♦❢ r✐❣❤t✲❝♦♥t✐♥✉♦✉s ❛♥❞ ❧❡❢t✲❧✐♠✐t❡❞ ❢✉♥❝t✐♦♥s
❢r♦♠ [0, T ] t♦ MF ✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❙❦♦r♦❤♦❞ t♦♣♦❧♦❣②✳ ❲❡ ✇✐❧❧ ❛❧s♦ ✉s❡✱ ✇❤❡♥ ✐t ✐s
❝♦♥✈❡♥✐❡♥t✱ t❤❡ ♥♦t❛t✐♦♥ 〈ν, f〉 ❢♦r ∫ f(x)ν(dx)✳
❲❡ r❡❧② ♦♥ ❛❧❧ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❙❡❝t✐♦♥ ✷✳✶✱ ♦❢ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✹ ❛♥❞ ♦❢ ❙❡❝✲
t✐♦♥ ✹✳✷✳✶✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ MK(x, z) ✐s ❣✐✈❡♥ ❜② Σ(x)/Kη✱
❛♥❞ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ t❤✐r❞✲♦r❞❡r ♠♦♠❡♥t ♦❢ MK(x, z) ✐s ❜♦✉♥❞❡❞ ❜② C/Kη+ε ✉♥✐✲
❢♦r♠❧② ✐♥ x ❢♦r s♦♠❡ ❝♦♥st❛♥ts C ❛♥❞ ε > 0✳ ▲❡t ✉s ❛❧s♦ ❛ss✉♠❡ t❤❛t✱ ✐❢
√
Σ ❞❡♥♦t❡s t❤❡
s②♠♠❡tr✐❝❛❧ sq✉❛r❡ r♦♦t ♠❛tr✐① ♦❢ Σ✱ t❤❡ ❢✉♥❝t✐♦♥
√
Σrµ ✐s ❜♦✉♥❞❡❞ ❛♥❞ ▲✐♣s❝❤✐t③✳ ❲❡
✇✐❧❧ ❛❧s♦ ❛ss✉♠❡ t❤❛t b(x, ζ) ❛♥❞ d(x, ζ) ❛r❡ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡❝♦♥❞
✈❛r✐❛❜❧❡✱ t❤❛t XK0 ❝♦♥✈❡r❣❡s ✐♥ ❧❛✇ t♦ ξ0 ❢♦r t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ✐♥ MF ❛♥❞ t❤❛t
sup
K
E[〈XK0 , 1〉3] < +∞. ✭❆✳✷✮
❙✐♥❝❡ XK = 1K ν
K ✱ ❛♥❞ ✉s✐♥❣ ✭✷✳✷✮✱ t❤❡ ♣r♦❝❡ss XK ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ❣❡♥❡r❛t♦r
LKφ(ν) = K
∫
Rl
(Kηr(x) + b(x, V ∗ ν(x)))(1− µ(x))(φ(ν + 1
K
δx)− φ(ν))ν(dx)
+K
∫
Rl
(Kηr(x) + b(x, V ∗ ν(x)))µ(x)
∫
Rl
(φ(ν +
1
K
δx+z)− φ(ν))MK(x, z)dzν(dx)
+K
∫
Rl
(Kηr(x) + d(x, U ∗ ν(x)))(φ(ν − 1
K
δx)− φ(ν))ν(dx). ✭❆✳✸✮
❆ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ b ❛♥❞ t❤❡ ●r♦♥✇❛❧❧ ▲❡♠♠❛ ❛❧❧♦✇s
✉s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ✐♥ ❋♦✉r♥✐❡r ❛♥❞ ▼é❧é❛r❞✱
✷✵✵✹✮✿
▲❡♠♠❛ ❆✳✶ ❋♦r ❛♥② K✱ ✐❢ E[〈XK0 , 1〉3] < +∞✱ t❤❡♥✱ ❢♦r ❛♥② T > 0✱
E
(
sup
t∈[0,T ]
〈XKt , 1〉3
)
< +∞.
❇② st❛♥❞❛r❞ ♣r♦❜❛❜✐❧✐st✐❝ ❛r❣✉♠❡♥ts✱ ♦♥❡ ♦❜t❛✐♥s ❛ ♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ❢✉♥❝✲
t✐♦♥s ♦❢ XK ✿ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s φ ♦♥ MF s✉❝❤ t❤❛t |φ(ν)| +
|LKφ(ν)| ≤ C(1+ < ν, 1 >3)✱ t❤❡ ♣r♦❝❡ss
φ(XKt )− φ(XK0 )−
∫ t
0
LKφ(XKs )ds ✭❆✳✹✮
✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♣♣❧②✐♥❣ t❤✐s ♣r♦♣❡rt② t♦ φ(ν) = 〈ν, f〉 ❛♥❞ φ(ν) = 〈ν, f〉2
✸✵
❢♦r ❡❛❝❤ ♠❡❛s✉r❛❜❧❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f ✱ ✇❡ ♦❜t❛✐♥∫
Rl
f(x)XKt (dx) = m
K,f
t +
∫
Rl
f(x)XK0 (dx)
+
∫ t
0
∫
Rl
(b(x, V ∗XKs (x))− d(x, U ∗XKs (x)))f(x)XKs (dx)ds ✭❆✳✺✮
+
∫ t
0
∫
Rl
µ(x)(Kηr(x) + b(x, V ∗XKs (x)))
(∫
Rl
f(x+ z)MK(x, z)dz − f(x)
)
XKs (dx)ds,
✇❤❡r❡ mK,ft ✐s ❛ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ ✈❛r✐❛♥❝❡ ✭q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥✮
〈mK,f 〉t = 1
K
{∫ t
0
∫
Rl
µ(x)(Kηr(x)+b(x, V ∗XKs (x)))
(∫
Rl
f2(x+z)MK(x, z)dz−f2(x)
)
XKs (dx)ds
+
∫ t
0
∫
Rl
(2Kηr(x) + b(x, V ∗XKs (x)) + d(x, U ∗XKs (x)))f2(x)XKs (dx)ds
}
✭❆✳✻✮
❚❤❡♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳✶ ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✳
❚❤❡♦r❡♠ ❆✳✷
✶✮ ❆ss✉♠❡ ❛❧❧ t❤❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✈❡ ❛♥❞ 0 < η < 1✳ ❆ss✉♠❡ ❛❧s♦ t❤❛t t❤❡ ♠❡❛s✉r❡ ξ0
✐s ❞❡t❡r♠✐♥✐st✐❝✳
❚❤❡♥✱ ❢♦r ❡❛❝❤ T > 0✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XK) ❜❡❧♦♥❣✐♥❣ t♦ D([0, T ],MF ) ❝♦♥✲
✈❡r❣❡s ✭✐♥ ❧❛✇✮ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ (ξt)t≥0 ∈ C([0, T ],MF )✱ ✉♥✐q✉❡
s♦❧✉t✐♦♥ s❛t✐s❢②✐♥❣ supt∈[0,T ]〈ξt, 1〉 < ∞✱ ♦❢ t❤❡ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇r✐tt❡♥ ✐♥ ✐ts
✇❡❛❦ ❢♦r♠✿ ❢♦r ❡❛❝❤ ❢✉♥❝t✐♦♥ f ∈ C2b (Rl)✱
〈ξt, f〉 = 〈ξ0, f〉+
∫ t
0
∫
Rl
(b(x, V ∗ ξs(x))− d(x, U ∗ ξs(x)))f(x)ξs(dx)ds
+
∫ t
0
∫
Rl
1
2
µ(x)r(x)
∑
1≤i,j≤l
Σij(x)∂
2
ijf(x)ξs(dx)ds ✭❆✳✼✮
✷✮ ❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t r(x)µ(x)s∗Σ(x)s ≥ c||s||2 ❢♦r
❡❛❝❤ x ❛♥❞ s ∈ Rl✳ ❚❤❡♥ ❢♦r ❡❛❝❤ t > 0✱ t❤❡ ♠❡❛s✉r❡ ξt ❤❛s ❛ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳
❘❡♠❛r❦ ❆✳✸ ■♥ ❝❛s❡ ✷✮✱ ❊q✳ ✭❆✳✼✮ ♠❛② t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s
∂tξt(x) =
(
b(x, V ∗ ξt(x))− d(x, U ∗ ξt(x))
)
ξt(x) +
1
2
∑
1≤i,j≤l
∂2ij(rµΣijξt)(x), ✭❆✳✽✮
✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❋✐s❤❡r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✭✹✳✺✮ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Σ(x) = σ2(x)■❞✳
❚❤❡♦r❡♠ ❆✳✹ ❆ss✉♠❡ ❛❧❧ t❤❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✈❡ ❛♥❞ η = 1✳ ❍❡r❡✱ ξ0 ♠❛② ❜❡ st♦❝❤❛st✐❝✳
❚❤❡♥✱ ❢♦r ❡❛❝❤ T > 0✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (XK) ❝♦♥✈❡r❣❡s ✐♥ ❧❛✇ ✐♥ D([0, T ],MF )
t♦ t❤❡ ✉♥✐q✉❡ ✭✐♥ ❧❛✇✮ ❝♦♥t✐♥✉♦✉s s✉♣❡r♣r♦❝❡ss X ∈ C([0, T ],MF )✱ ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s✿
sup
t∈[0,T ]
E
[〈Xt, 1〉3] <∞, ✭❆✳✾✮
✸✶
❛♥❞ ❢♦r ❛♥② f ∈ C2b (Rl)✱
m¯ft = 〈Xt, f〉 − 〈X0, f〉 −
1
2
∫ t
0
∫
Rl
µ(x)r(x)
∑
1≤i,j≤l
Σij(x)∂
2
ijf(x)Xs(dx)ds
−
∫ t
0
∫
Rl
f(x) [b(x, V ∗Xs(x))− d(x, U ∗Xs(x))]Xs(dx)ds ✭❆✳✶✵✮
✐s ❛ ❝♦♥t✐♥✉♦✉s ♠❛rt✐♥❣❛❧❡ ✇✐t❤ q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥
〈m¯f 〉t = 2
∫ t
0
∫
Rl
r(x)f2(x)Xs(dx)ds. ✭❆✳✶✶✮
❘❡♠❛r❦ ❆✳✺ ❚❤❡ ❝♦♥❞✐t✐♦♥s ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ♣r♦❝❡ss X ❛❜♦✈❡ ❝❛♥ ❜❡ ❢♦r♠❛❧❧② r❡✇r✐tt❡♥
❛s ❊q✳ ✭✹✳✽✮ ♦❢ ❙❡❝t✐♦♥ ✹✳✷✳✶✱ ❜✉t ♥♦t r✐❣♦r♦✉s❧② s✐♥❝❡✱ ❛♣❛rt ❢r♦♠ t❤❡ ❝❛s❡ l = 1✱ ✇❡ s✉s♣❡❝t
t❤❛t Xt ❤❛s ❛✳s✳ ♥♦ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳
Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❆✳✷
✶✮ ❲❡ ❞✐✈✐❞❡ t❤❡ ♣r♦♦❢ ✐♥t♦ s✐① st❡♣s✳ ▲❡t ✉s ✜① T > 0✳
❙t❡♣ ✶ ▲❡t ✉s ✜rst s❤♦✇ ✉♥✐q✉❡♥❡ss ❢♦r ✭❆✳✼✮✳
❋✐rst✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭❆✳✼✮✳ ■t ✐s ❡❛s② t♦
♣r♦✈❡ t❤❛t ✐❢ ξ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭❆✳✼✮ s❛t✐s❢②✐♥❣ supt∈[0,T ]〈ξt, 1〉 < ∞✱ t❤❡♥ ❢♦r ❡❛❝❤ t❡st
❢✉♥❝t✐♦♥ ψt(x) = ψ(t, x) ∈ C1,2b (R+ × Rl)✱ ♦♥❡ ❤❛s
〈ξt, ψt〉 = 〈ξ0, ψ0〉+
∫ t
0
∫
Rl
(b(x, V ∗ ξs(x))− d(x, U ∗ ξs(x)))ψ(s, x)ξs(dx)ds
+
∫ t
0
∫
Rl
(∂sψ(s, x) +
1
2
r(x)µ(x)
∑
i,j
Σij(x)∂
2
ijψs(x))ξs(dx)ds. ✭❆✳✶✷✮
◆♦✇✱ s✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥
√
Σrµ ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞✱ ✇❡ ♠❛② ❞❡✜♥❡ t❤❡
tr❛♥s✐t✐♦♥ s❡♠✐❣r♦✉♣ (Pt) ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r f 7→ 12rµ
∑
i,j Σij∂
2
ijf ✳ ❚❤❡♥✱ ❢♦r
❡❛❝❤ ❢✉♥❝t✐♦♥ f ∈ C2b (Rl) ❛♥❞ ✜①❡❞ t > 0✱ ❝❤♦♦s✐♥❣ ψ(s, x) = Pt−sf(x) ②✐❡❧❞s
〈ξt, f〉 = 〈ξ0, Ptf〉+
∫ t
0
∫
Rl
(b(x, V ∗ ξs(x))− d(x, U ∗ ξs(x)))Pt−sf(x)ξs(dx)ds, ✭❆✳✶✸✮
s✐♥❝❡ ∂sψ(s, x) + 12σ
2(x)r(x)µ(x)∆xψ(s, x) = 0 ❢♦r t❤✐s ❝❤♦✐❝❡✳
❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ ♦❢ ✭❆✳✶✸✮✳
▲❡t ✉s ❝♦♥s✐❞❡r t✇♦ s♦❧✉t✐♦♥s (ξt)t≥0 ❛♥❞ (ξ¯t)t≥0 ♦❢ ✭❆✳✶✸✮ s❛t✐s❢②✐♥❣ supt∈[0,T ]
〈
ξt + ξ¯t, 1
〉
=
AT < +∞✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ✈❛r✐❛t✐♦♥ ♥♦r♠ ❞❡✜♥❡❞ ❢♦r µ1 ❛♥❞ µ2 ✐♥ MF ❜②
||µ1 − µ2|| = sup
f∈L∞(Rl), ||f ||∞≤1
| 〈µ1 − µ2, f〉 |. ✭❆✳✶✹✮
❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r s♦♠❡ ❜♦✉♥❞❡❞ ❛♥❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ❞❡✜♥❡❞ ♦♥ Rl s✉❝❤ t❤❛t
✸✷
||f ||∞ ≤ 1 ❛♥❞ ♦❜t❛✐♥
| 〈ξt − ξ¯t, f〉 | ≤
∫ t
0
∣∣∣∣
∫
Rl
(b(x, V ∗ ξs(x))− d(x, U ∗ ξs(x)))Pt−sf(x)[ξs(dx)− ξ¯s(dx)]
∣∣∣∣ ds
+
∫ t
0
∣∣∣∣
∫
Rl
(b(x, V ∗ ξs(x))− b(x, V ∗ ξ¯s(x)))Pt−sf(x)ξ¯s(dx)
∣∣∣∣ ds
+
∫ t
0
∣∣∣∣
∫
Rl
(d(x, U ∗ ξs(x))− d(x, U ∗ ξ¯s(x)))Pt−sf(x)ξ¯s(dx)
∣∣∣∣ ds. ✭❆✳✶✺✮
❙✐♥❝❡ ||f ||∞ ≤ 1✱ t❤❡♥ ||Pt−sf ||∞ ≤ 1 ❛♥❞ ❢♦r ❛❧❧ x ∈ Rl✱
|(b(x, V ∗ ξs(x))− d(x, U ∗ ξs(x)))Pt−sf(x)| ≤ b¯+ d¯(1 + U¯AT ).
▼♦r❡♦✈❡r✱ b ❛♥❞ d ❛r❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡✐r s❡❝♦♥❞ ✈❛r✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t✐✈❡ ❝♦♥✲
st❛♥ts Kb ❛♥❞ Kd✳ ❲❡ t❤❡♥ ♦❜t❛✐♥ ❢r♦♠ ✭❆✳✶✺✮ t❤❛t
| 〈ξt − ξ¯t, f〉 | ≤ [b¯+ d¯(1 + U¯AT ) +KbAT V¯ +KdAT U¯]
∫ t
0
||ξs − ξ¯s||ds. ✭❆✳✶✻✮
❚❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r ❛❧❧ ❢✉♥❝t✐♦♥s f s✉❝❤ t❤❛t ||f ||∞ ≤ 1✱ ❛♥❞ ✉s✐♥❣ ●r♦♥✇❛❧❧✬s
▲❡♠♠❛✱ ✇❡ ✜♥❛❧❧② ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ t ≤ T ✱ ||ξt − ξ¯t|| = 0✳ ❯♥✐q✉❡♥❡ss ❤♦❧❞s✳
❙t❡♣ ✷ ◆❡①t✱ ✇❡ ❡st❛❜❧✐s❤ s♦♠❡ ♠♦♠❡♥t ❡st✐♠❛t❡s✳ ❋✐rst✱ ✇❡ ❝❤❡❝❦ t❤❛t ❢♦r ❛❧❧
T <∞✱
sup
K
sup
t∈[0,T ]
E[〈XKt , 1〉3] <∞. ✭❆✳✶✼✮
❚♦ t❤✐s ❡♥❞✱ ✇❡ ✉s❡ ✭❆✳✹✮ ✇✐t❤ φ(ν) = 〈ν, 1〉3✳ ✭❚♦ ❜❡ ❝♦♠♣❧❡t❡❧② r✐❣♦r♦✉s✱ ♦♥❡ s❤♦✉❧❞ ✜rst
✉s❡ φ(ν) = 〈ν, 1〉3 ∧ A✱ ♠❛❦❡ A t❡♥❞ t♦ ✐♥✜♥✐t② ❛♥❞ t❤❡♥ ✉s❡ ▲❡♠♠❛ ❆✳✶ t♦ ❡♥s✉r❡ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛❧❧ t❡r♠s ❡①❝❡♣t t❤❡ ❧❛st✱ ❛♥❞ ❛♣♣❧② t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t♦
t❤❡ ❧❛st t❡r♠✮✳ ❚❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛❧❧ t ≥ 0✱ ❛❧❧ K✱
E
[〈XKt , 1〉3] = E [〈XK0 , 1〉3]
+
∫ t
0
E
[∫
Rl
[Kη+1r(x) +Kb(x, V ∗XKs (x))]
{
[〈XKs , 1〉+
1
K
]3 − 〈XKs , 1〉3
}
XKs (dx)
]
ds
+
∫ t
0
E
[∫
Rl
{
Kη+1r(x) +Kd(x, U ∗XKs (x))
}{
[〈XKs , 1〉 −
1
K
]3 − 〈XKs , 1〉3
}
XKs (dx)
]
ds.
◆❡❣❧❡❝t✐♥❣ t❤❡ ♥♦♥✲♣♦s✐t✐✈❡ ❞❡❛t❤ t❡r♠ ✐♥✈♦❧✈✐♥❣ d✱ ✇❡ ❣❡t
E
[〈XKt , 1〉3] ≤ E [〈XK0 , 1〉3]
+
∫ t
0
E
[∫
Rl
Kη+1r(x)
{
[〈XKs , 1〉+
1
K
]3 + [〈XKs , 1〉 −
1
K
]3 − 2〈XKs , 1〉3
}
XKs (dx)
]
ds
+
∫ t
0
E
[∫
Rl
Kb(x, V ∗XKs (x))
{
[〈XKs , 1〉+
1
K
]3 − 〈XKs , 1〉3
}
XKs (dx)
]
ds.
❇✉t ❢♦r ❛❧❧ x ≥ 0✱ ❛❧❧ ǫ ∈ (0, 1]✱ (x+ǫ)3−x3 ≤ 6ǫ(1+x2) ❛♥❞ |(x+ǫ)3+(x−ǫ)3−2x3| = 6ǫ2x✳
❲❡ ✜♥❛❧❧② ♦❜t❛✐♥
E
[〈XKt , 1〉3] ≤ E [〈XK0 , 1〉3]+ C
∫ t
0
E
[〈XKs , 1〉+ 〈XKs , 1〉2 + 〈XKs , 1〉3] ds.
✸✸
❆ss✉♠♣t✐♦♥ ✭❆✳✷✮ ❛♥❞ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛ ❛❧❧♦✇ ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛t ✭❆✳✶✼✮ ❤♦❧❞s✳
◆❡①t✱ ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t
sup
K
E
(
sup
t∈[0,T ]
〈XKt , 1〉2
)
<∞. ✭❆✳✶✽✮
❆♣♣❧②✐♥❣ ✭❆✳✺✮ ✇✐t❤ f ≡ 1✱ ✇❡ ♦❜t❛✐♥
〈XKt , 1〉 = 〈XK0 , 1〉+
∫ t
0
∫
Rl
[
b(x, V ∗XKs (x))− d(x, U ∗XKs (x))
]
XKs (dx)ds+m
K,1
t .
❍❡♥❝❡
sup
s∈[0,t]
〈XKs , 1〉2 ≤ C
(
〈XK0 , 1〉2 + b¯
∫ t
0
〈XKs , 1〉2ds+ sup
s∈[0,t]
|mK,1s |2
)
.
❚❤❛♥❦s t♦ ✭❆✳✷✮✱ ❉♦♦❜✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Ct ♥♦t
❞❡♣❡♥❞✐♥❣ ♦♥ K s✉❝❤ t❤❛t
E
(
sup
s∈[0,t]
〈XKs , 1〉2
)
≤ Ct
(
1 + E
[〈mK,1〉t]) .
❯s✐♥❣ ♥♦✇ ✭❆✳✻✮✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r s♦♠❡ ♦t❤❡r ❝♦♥st❛♥t Ct ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ K✱
E
[〈mK,1〉t] ≤ C
∫ t
0
(E
[〈XKs , 1〉]+ E [〈XKs , 1〉2])ds ≤ Ct
t❤❛♥❦s t♦ ✭❆✳✶✼✮✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ✭❆✳✶✽✮✳
❙t❡♣ ✸ ❲❡ ✜rst ❡♥❞♦✇ MF ✇✐t❤ t❤❡ ✈❛❣✉❡ t♦♣♦❧♦❣②✱ t❤❡ ❡①t❡♥s✐♦♥ t♦ t❤❡ ✇❡❛❦
t♦♣♦❧♦❣② ❜❡✐♥❣ ❤❛♥❞❧❡❞ ✐♥ ❙t❡♣ ✻ ❜❡❧♦✇✳ ❚♦ s❤♦✇ t❤❡ t✐❣❤t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❧❛✇s
QK = L(XK) ✐♥ P(D([0, T ],MF ))✱ ✐t s✉✣❝❡s✱ ❢♦❧❧♦✇✐♥❣ ❘♦❡❧❧② ✭✶✾✽✻✮✱ t♦ s❤♦✇ t❤❛t ❢♦r
❛♥② ❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f ♦♥ Rl✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❧❛✇s ♦❢ t❤❡ ♣r♦❝❡ss❡s 〈XK , f〉 ✐s
t✐❣❤t ✐♥ D([0, T ],R)✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✉s❡ ❆❧❞♦✉s✬ ❝r✐t❡r✐♦♥ ✭❆❧❞♦✉s✱ ✶✾✼✽✮ ❛♥❞ ❘❡❜♦❧❧❡❞♦✬s
❝r✐t❡r✐♦♥ ✭s❡❡ ❏♦✛❡ ❛♥❞ ▼ét✐✈✐❡r✱ ✶✾✽✻✮✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t
sup
K
E
(
sup
t∈[0,T ]
|〈XKs , f〉|
)
<∞, ✭❆✳✶✾✮
❛♥❞ t❤❡ t✐❣❤t♥❡ss ♦❢ t❤❡ ❧❛✇s ♦❢ t❤❡ ♣r❡❞✐❝t❛❜❧❡ q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♠❛rt✐♥❣❛❧❡ ♣❛rt
❛♥❞ ♦❢ t❤❡ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ♣❛rt ♦❢ t❤❡ s❡♠✐♠❛rt✐♥❣❛❧❡s 〈XK , f〉✱ r❡s♣❡❝t✐✈❡❧②✳
❙✐♥❝❡ f ✐s ❜♦✉♥❞❡❞✱ ✭❆✳✶✾✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭❆✳✶✽✮✳ ▲❡t ✉s t❤✉s ❝♦♥s✐❞❡r ❛ ❝♦✉♣❧❡
(S, S′) ♦❢ st♦♣♣✐♥❣ t✐♠❡s s❛t✐s❢②✐♥❣ ❛✳s✳ 0 ≤ S ≤ S′ ≤ S + δ ≤ T ✳ ❯s✐♥❣ ✭❆✳✺✮✱ ✇❡ ❣❡t
E
[
〈mK,f 〉S′ − 〈mK,f 〉S
]
≤ E
[
C
∫ S+δ
S
(〈XKs , 1〉+ 〈XKs , 1〉2) ds
]
≤ Cδ,
t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠✐♥❣ ❢r♦♠ ✭❆✳✶✽✮✱ ❛♥❞ ❛ s✐♠✐❧❛r ✐♥❡q✉❛❧✐t② ✐s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✜♥✐t❡
✈❛r✐❛t✐♦♥ ♣❛rt✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❡q✉❡♥❝❡ QK = L(XK) ✐s ✉♥✐❢♦r♠❧② t✐❣❤t✳
✸✹
❙t❡♣ ✹ ▲❡t ✉s ♥♦✇ ❞❡♥♦t❡ ❜② Q t❤❡ ❧✐♠✐t✐♥❣ ❧❛✇ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ QK ✳ ❲❡ st✐❧❧
❞❡♥♦t❡ t❤✐s s✉❜s❡q✉❡♥❝❡ ❜② QK ✳ ▲❡t X = (Xt)t≥0 ❛ ♣r♦❝❡ss ✇✐t❤ ❧❛✇ Q✳ ❲❡ r❡♠❛r❦ t❤❛t
❜② ❝♦♥str✉❝t✐♦♥✱ ❛❧♠♦st s✉r❡❧②✱
sup
t∈[0,T ]
sup
f∈L∞(Rl),||f ||∞≤1
|〈XKt , f〉 − 〈XKt− , f〉| ≤
1
K
.
❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦❝❡ss X ✐s ❛✳s✳ str♦♥❣❧② ❝♦♥t✐♥✉♦✉s✳
❙t❡♣ ✺ ❚❤❡ t✐♠❡ T > 0 ✐s ✜①❡❞✳ ▲❡t ✉s ♥♦✇ ❝❤❡❝❦ t❤❛t✱ ❛❧♠♦st s✉r❡❧②✱ t❤❡ ♣r♦❝❡ss X
✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✭❆✳✼✮✳ ❚❤❛♥❦s t♦ ✭❆✳✶✽✮✱ ✐t s❛t✐s✜❡s supt∈[0,T ]〈Xt, 1〉 < +∞ ❛✳s✳✱
❢♦r ❡❛❝❤ T ✳ ❲❡ ♥♦✇ ✜① ❛ ❢✉♥❝t✐♦♥ f ∈ C3b (Rl) ✭t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ✭❆✳✼✮ t♦ ❛♥② ❢✉♥❝t✐♦♥ f ✐♥
C2b ✐s ♥♦t ❤❛r❞✮ ❛♥❞ s♦♠❡ t ≤ T ✳
❋♦r ν ∈ C([0, T ],MF )✱ ✇❡ s❡t
Ψ1t (ν) = 〈νt, f〉 − 〈ν0, f〉 −
∫ t
0
∫
Rl
(b(x, V ∗ νs(x))− d(x, U ∗ νs(x)))f(x)νs(dx)ds,
Ψ2t (ν) = −
∫ t
0
∫
Rl
1
2
µ(x)r(x)
∑
i,j
Σij(x)∂
2
ijf(x)νs(dx)ds. ✭❆✳✷✵✮
❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t
EQ
[|Ψ1t (X) + Ψ2t (X)|] = 0. ✭❆✳✷✶✮
❇② ✭❆✳✺✮✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❡❛❝❤ K✱
mK,ft = Ψ
1
t (X
K) + Ψ2,Kt (X
K),
✇❤❡r❡
Ψ2,Kt (X
K) = −
∫ t
0
∫
Rl
µ(x)(Kηr(x) + b(x, V ∗XKs (x)))(∫
Rl
f(x+ z)MK(x, z)dz − f(x)
)
XKs (dx)ds. ✭❆✳✷✷✮
▼♦r❡♦✈❡r✱ ✭❆✳✶✽✮ ✐♠♣❧✐❡s t❤❛t ❢♦r ❡❛❝❤ K✱
E
[
|mK,ft |2
]
= E
[
〈mK,f 〉t
]
≤ CfK
η
K
E
[∫ t
0
{〈XKs , 1〉+ 〈XKs , 1〉2} ds
]
≤ Cf,TK
η
K
,
✭❆✳✷✸✮
✇❤✐❝❤ ❣♦❡s t♦ 0 ❛s K t❡♥❞s t♦ ✐♥✜♥✐t②✱ s✐♥❝❡ 0 < η < 1✳ ❚❤❡r❡❢♦r❡✱
lim
K
E[|Ψ1t (XK) + Ψ2,Kt (XK)|] = 0.
❙✐♥❝❡ X ✐s ❛✳s✳ str♦♥❣❧② ❝♦♥t✐♥✉♦✉s✱ s✐♥❝❡ f ∈ C3b (Rl) ❛♥❞ t❤❛♥❦s t♦ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢
t❤❡ ♣❛r❛♠❡t❡rs✱ t❤❡ ❢✉♥❝t✐♦♥s Ψ1t ❛♥❞ Ψ
2
t ❛r❡ ❛✳s✳ ❝♦♥t✐♥✉♦✉s ❛t X✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛♥②
ν ∈ D([0, T ],MF )✱
|Ψ1t (ν) + Ψ2t (ν)| ≤ Cf,T sup
s∈[0,T ]
(
1 + 〈νs, 1〉2
)
. ✭❆✳✷✹✮
✸✺
❍❡♥❝❡ ✉s✐♥❣ ✭❆✳✶✼✮✱ ✇❡ s❡❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (Ψ1t (X
K)+Ψ2t (X
K))K ✐s ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡✱
❛♥❞ t❤✉s
lim
K
E
(|Ψ1t (XK) + Ψ2t (XK)|) = E (|Ψ1t (X) + Ψ2t (X)|) . ✭❆✳✷✺✮
◆♦✇ ✇❡ ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ Ψ2,Kt (X
K)−Ψ2t (XK)✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s t❡r♠ ✐s ❞✉❡ t♦
t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❡❛s✉r❡ MK(x, z)dz ❤❛s ♠❡❛♥ ✵✱ ✈❛r✐❛♥❝❡ Σ(x)/Kη✱ ❛♥❞ t❤✐r❞ ♠♦♠❡♥t
❜♦✉♥❞❡❞ ❜② C/Kη+ε ✭ε > 0✮ ✉♥✐❢♦r♠❧② ✐♥ x✳ ■♥❞❡❡❞✱ ✐❢ Hf(x) ❞❡♥♦t❡s t❤❡ ❍❡ss✐❛♥ ♠❛tr✐①
♦❢ f ❛t x✱∫
Rl
f(x+ z)MK(x, z)dz =
∫
Rl
(
f(x) + z · ∇f(x) + 1
2
z∗Hf(x)z +O(z3)
)
MK(x, z)dz
= f(x) +
1
2
∑
i,j
Σij(x)
Kη
∂2ijf(x) + o(
1
Kη
). ✭❆✳✷✻✮
✇❤❡r❡ Kηo( 1Kη ) t❡♥❞s t♦ 0 ✉♥✐❢♦r♠❧② ✐♥ x ✭s✐♥❝❡ f ✐s ✐♥ C
3
b ✮✱ ❛s K t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤❡♥✱
Ψ2,Kt (X
K) = −
∫ t
0
∫
Rl
µ(x)(Kηr(x)+b(x, V ∗XKs (x)))
(
1
2
∑
i,j
Σij(x)
Kη
∂2ijf(x)+o(
1
Kη
)
)
XKs (dx)ds,
❛♥❞
|Ψ2,Kt (XK)−Ψ2t (XK)| ≤ Cf < XKs , 1 >
(
1
Kη
+Kηo(
1
Kη
)
)
.
❯s✐♥❣ ✭❆✳✶✽✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ✭❆✳✷✶✮✳
❙t❡♣ ✻ ❚❤❡ ♣r❡✈✐♦✉s st❡♣s ✐♠♣❧② t❤❛t t❤❡ s❡q✉❡♥❝❡ (XK)K ❝♦♥✈❡r❣❡s t♦ ξ ✐♥ D([0, T ],MF )✱
✇❤❡r❡ MF ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✈❛❣✉❡ t♦♣♦❧♦❣②✳ ❚♦ ❡①t❡♥❞ t❤❡ r❡s✉❧t t♦ t❤❡ ❝❛s❡ ✇❤❡r❡MF
✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣②✱ ✇❡ ✉s❡ ❛ ❝r✐t❡r✐♦♥ ♣r♦✈❡❞ ✐♥ ▼é❧é❛r❞ ❛♥❞ ❘♦❡❧❧② ✭✶✾✾✸✮✿
s✐♥❝❡ t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss ✐s ❝♦♥t✐♥✉♦✉s✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ (〈XK , 1〉)K
❝♦♥✈❡r❣❡s t♦ 〈ξ, 1〉 ✐♥ ❧❛✇✱ ✐♥ D([0, T ],Rl)✳ ❖♥❡ ♠❛② ♦❢ ❝♦✉rs❡ ❛♣♣❧② ❙t❡♣ ✺ ✇✐t❤ f ≡ 1✱
✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳
✷✮ ▲❡t ✉s ♥♦✇ ❛ss✉♠❡ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛❝② ♣r♦♣❡rt② r(x)µ(x)s∗Σ(x)s ≥ c‖s‖2 ❢♦r ❡❛❝❤
x, s ∈ Rl✳ ❚❤❛t ✐♠♣❧✐❡s t❤❛t ❢♦r ❡❛❝❤ t✐♠❡ t > 0✱ t❤❡ tr❛♥s✐t✐♦♥ s❡♠✐❣r♦✉♣ Pt(x, dy)
✐♥tr♦❞✉❝❡❞ ✐♥ ❙t❡♣ ✶ ♦❢ t❤✐s ♣r♦♦❢ ❤❛s ❢♦r ❡❛❝❤ x ∈ Rl ❛ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ pt(x, y) ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❍❡♥❝❡ ✭❆✳✶✸✮ ✇r✐t❡s∫
Rl
f(x)ξt(dx) =
∫
Rl
(∫
Rl
f(y)pt(x, y)dy
)
ξ0(dx)
+
∫ t
0
∫
Rl
(b(x, V ∗ ξs(x))− d(x, U ∗ ξs(x)))
(∫
Rl
f(y)pt−s(x, y)dy
)
ξs(dx)ds.
❯s✐♥❣ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ f ❛♥❞ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞ supt≤T 〈ξt, 1〉 < +∞✱ ✇❡ ❛♣♣❧②
❋✉❜✐♥✐✬s t❤❡♦r❡♠ ❛♥❞ ❞❡❞✉❝❡ t❤❛t∫
Rl
f(x)ξt(dx) =
∫
Rl
Ht(y)f(y)dy
✇❤❡r❡ H ∈ L∞([0, T ], L1(Rl))✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ξt ❤❛s ❛ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❢♦r ❡❛❝❤ t✐♠❡ t ≤ T ✳
✸✻
Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❆✳✹
❲❡ ✉s❡ ❛ s✐♠✐❧❛r ♠❡t❤♦❞ ❛s ♣r❡✈✐♦✉s❧②✳ ❙t❡♣s ✷✱ ✸✱ ✹ ❛♥❞ ✻ ♦❢ t❤✐s ♣r♦♦❢ ❛r❡ ❡ss❡♥t✐❛❧❧②
t❤❡ s❛♠❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ✭✐♥ ❧❛✇✮ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡
♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ✭❆✳✾✮✕✭❆✳✶✶✮ ✭❙t❡♣ ✶✮✱ ❛♥❞ t❤❛t ❛♥② ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t ♦❢ t❤❡ s❡q✉❡♥❝❡
♦❢ ❧❛✇s ♦❢ XK ✐s s♦❧✉t✐♦♥ ♦❢ ✭❆✳✾✮✕✭❆✳✶✶✮ ✭❙t❡♣ ✺✮✳
❙t❡♣ ✶ ❚❤✐s ✉♥✐q✉❡♥❡ss r❡s✉❧t ✐s ✇❡❧❧✲❦♥♦✇♥ ❢♦r t❤❡ s✉♣❡r✲❇r♦✇♥✐❛♥ ♣r♦❝❡ss ✭❞❡✜♥❡❞
❜② ❛ s✐♠✐❧❛r ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠✱ ❜✉t ✇✐t❤ b = d = 0✱ r = µ = 1 ❛♥❞ Σ = ■❞✱ s❡❡ ❘♦❡❧❧②
✶✾✽✻✮✳ ❆s ✐♥ ❊t❤❡r✐❞❣❡ ✭✷✵✵✹✮✱ ✇❡ ✉s❡ t❤❡ ✈❡rs✐♦♥ ♦❢ ❉❛✇s♦♥✬s ●✐rs❛♥♦✈ tr❛♥s❢♦r♠ ♦❜t❛✐♥❡❞
✐♥ ❊✈❛♥s ❛♥❞ P❡r❦✐♥s ✭✶✾✾✹✱ ❚❤❡♦r❡♠ ✷✳✸✮✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❧❛✇ ♦❢ X✱
♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥
E
(∫ t
0
∫
Rl
[b(x, V ∗Xs(x))− d(x, U ∗Xs(x))]2Xs(dx)ds
)
< +∞
✐s s❛t✐s✜❡❞✳ ❚❤✐s ✐s ❡❛s✐❧② ♦❜t❛✐♥❡❞ ❢r♦♠ supt∈[0,T ]E[〈Xt, 1〉3] <∞✳
❙t❡♣ ✺ ▲❡t ✉s ❝❛❧❧ QK = L(XK) ❛♥❞ ❞❡♥♦t❡ ❜② Q ❛ ❧✐♠✐t✐♥❣ ✈❛❧✉❡ ♦❢ t❤❡ t✐❣❤t
s❡q✉❡♥❝❡ QK ✱ ❛♥❞ ❜② X = (Xt)t≥0 ❛ ♣r♦❝❡ss ✇✐t❤ ❧❛✇ Q✳ ❇❡❝❛✉s❡ ♦❢ ❙t❡♣ ✹✱ X ❜❡❧♦♥❣s
❛✳s✳ t♦ C([0, T ],MF )✳ ▲❡t ✉s s❤♦✇ t❤❛t X s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥s ✭❆✳✾✮✕✭❆✳✶✶✮✳ ❊q✉❛t✐♦♥ ✭❆✳✾✮
✐s str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ✭❆✳✶✽✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ f ✐♥ C3b (R
l)✱ ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡
♣r♦❝❡ss m¯ft ❞❡✜♥❡❞ ❜② ✭❆✳✶✵✮ ✐s ❛ ♠❛rt✐♥❣❛❧❡ ✭t❤❡ ❡①t❡♥s✐♦♥ t♦ ❡✈❡r② ❢✉♥❝t✐♦♥ ✐♥ C
2
b ✐s ♥♦t
❤❛r❞✮✳ ❋♦r 0 ≤ s1 ≤ ... ≤ sn < s < t✱ s♦♠❡ ❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❡❞ ♠❛♣s φ1, ...φn ♦♥ MF ✱ ✇❡
✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥ Ψ ❢r♦♠ D([0, T ],MF ) ✐♥t♦ R ❞❡✜♥❡❞ ❜②
Ψ(ν) = φ1(νs1)...φn(νsn)
{
〈νt, f〉 − 〈νs, f〉 − 1
2
∫ t
s
∫
Rl
µ(x)r(x)
∑
i,j
Σij(x)∂
2
ijf(x)νu(dx)du
−
∫ t
s
∫
Rl
f(x) [b(x, V ∗ νu(x))− d(x, U ∗ νu(x))] νu(dx)du
}
. ✭❆✳✷✼✮
❖✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t
E (Ψ(X)) = 0. ✭❆✳✷✽✮
■t ❢♦❧❧♦✇s ❢r♦♠ ✭❆✳✺✮ t❤❛t
0 = E
[
φ1(X
K
s1 )...φn(X
K
sn)
{
mK,ft −mK,fs
}]
= E
[
Ψ(XK)
]−AK , ✭❆✳✷✾✮
✇❤❡r❡ AK ✐s ❞❡✜♥❡❞ ❜②
AK = E
[
φ1(X
K
s1 )...φn(X
K
sn)
∫ t
s
∫
Rl
µ(x)
{
r(x)K
[∫
Rl
MK(x, z)f(x+z)dz−f(x)−
∑
i,j
Σij(x)
2K
∂2ijf(x)
]
+ b(x, V ∗XKu (x))
[∫
Rl
MK(x, z)f(x+ z)dz − f(x)
]}
XKu (dx)du
]
.
■t t✉r♥s ♦✉t ❢r♦♠ ✭❆✳✷✻✮ t❤❛t AK t❡♥❞s t♦ 0✱ ❛s K ❣r♦✇s t♦ ✐♥✜♥✐t②✱ ❛♥❞ ❢r♦♠ ✭❆✳✶✽✮✱ t❤❛t
t❤❡ s❡q✉❡♥❝❡ (|Ψ(XK)|)K ✐s ✉♥✐❢♦r♠❧② ✐♥t❡❣r❛❜❧❡✳ ❍❡♥❝❡✱
lim
K
E
(|Ψ(XK)|) = EQ (|Ψ(X)|) . ✭❆✳✸✵✮
✸✼
❚❤✉s✱ ✭❆✳✷✽✮ ❤♦❧❞s✱ ❛♥❞ t❤❡r❡❢♦r❡✱ m¯f ✐s ❛ ♠❛rt✐♥❣❛❧❡✳
■t r❡♠❛✐♥s t♦ s❤♦✇ ✭❆✳✶✶✮✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✜rst ❝❤❡❝❦ t❤❛t
N¯ft = 〈Xt, f〉2 − 〈X0, f〉2 −
∫ t
0
∫
Rl
2r(x)f2(x)Xs(dx)ds
−
∫ t
0
2〈Xs, f〉
∫
Rl
f(x) [b(x, V ∗Xs(x))− d(x, U ∗Xs(x))]Xs(dx)ds
−
∫ t
0
2〈Xs, f〉
∫
Rl
1
2
µ(x)r(x)
∑
i,j
Σij(x)∂
2
ijf(x)Xs(dx)ds ✭❆✳✸✶✮
✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❡①❛❝t❧② ❛s ❢♦r m¯ft ✱ ✉s✐♥❣ t❤❡ s❡♠✐♠❛rt✐♥❣❛❧❡ ❞❡❝♦♠♣♦s✐✲
t✐♦♥ ♦❢ 〈XKt , f〉2✱ ❣✐✈❡♥ ❜② ✭❆✳✹✮ ❛♣♣❧✐❡❞ t♦ φ(ν) = 〈ν, f〉2✳ ◆❡①t✱ ■tô✬s ❢♦r♠✉❧❛ ❛♣♣❧✐❡❞ t♦
✭❆✳✶✵✮ ✐♠♣❧✐❡s t❤❛t
〈Xt, f〉2−〈X0, f〉2−〈M¯f 〉t−
∫ t
0
2〈Xs, f〉
∫
Rl
f(x) [b(x, V ∗Xs(x))− d(x, U ∗Xs(x))]Xs(dx)ds
−
∫ t
0
2〈Xs, f〉
∫
Rl
1
2
r(x)µ(x)
∑
i,j
Σij(x)∂
2
ijf(x)Xs(dx)ds
✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❈♦♠♣❛r✐♥❣ t❤✐s ❢♦r♠✉❧❛ ✇✐t❤ ✭❆✳✸✶✮✱ ✇❡ ♦❜t❛✐♥ ✭❆✳✶✶✮✳
❆❝❦♥♦✇❧❡❞❣♠❡♥ts
❚❤✐s r❡s❡❛r❝❤ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ❋r❡♥❝❤ ◆❛t✐♦♥❛❧ Pr♦❣r❛♠♠❡s ✏❙❝✐❡♥❝❡✲▼❛t❤❡♠❛t✐❝s✿ ◆❡✇
■♥t❡r❢❛❝❡s✑ ✭❋r❡♥❝❤ ▼✐♥✐st❡r② ♦❢ ❘❡s❡❛r❝❤✮✱ ❛♥❞ ✏◗✉❛♥t✐t❛t✐✈❡ ❊❝♦❧♦❣②✑ ✭❋r❡♥❝❤ ▼✐♥✐st❡r②
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